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Disclaimer

These lecture notes accompany the final-year undergraduate lecture course
on “Relativistic Quantum Mechanics”, consisting of 12 lectures, delivered
during the 2020/2021 academic year in an online format. The notes are
by no means original. Instead I shamelessly borrowed from a multitude of
resources, and tried to put material into a coherent form. I also try and
cite online links to books etc., where possible — I am aware that the library
holds some of them, also in electronic form.

The lectures mainly deal with second quantisation, a topic that has been
excellently covered in the literature and on the web. There are many truly
excellent textbooks on the topic, often named “Introduction to Quantum
field Theory” or similar, for example the books by Peskin & Schroder [1],
Griffiths [2], Schwartz, Zee, or Hatfield [3], in addition to a multitude of
freely available lectures notes on the web:

e Mark Srednicki’s notes on Quantum Field Theory [4], which have since
been published as a book;

e David Tong’s lectures on Quantum Field Theory [5];

e lecture notes of the great Sidney Coleman on Quantum Field The-
ory [6];

e Jeff Dror’s summary of practically all relevant relations worked out in
this course, and, in fact, many more beyond it, can be found in [7].

The lecture notes will be continuously updated over the course of the year -
please check the date on the front page to keep track of changes. When you
compare the notes with books you will realise that notation and conventions
differ between different resources. However, quite often these differences boil
down to trivial normalisations. I’ve tried, hopefully successfully, to be at
least self-consistent.

The notes are supplemented with worked examples and problems through-
out, and I cannot overemphasise how important it is to actually calculate
things on your own. Tougher, expert-level problems are identified with an
asterisk. They are outside the scope of examinable material and are solely
geared to helping interested students to develop a deeper understanding of
the subject and to contextualising the material in a wider perspective. I
have also added “extremely unbelievably hard” questions, indicated with
two asterisks. They cover material that is entirely beyond the scope of the
course, but may trigger some further reading and digging by students with
a soft spot for the abyss that is Quantum Field Theory.

Over the course of six weeks we will work through the analogue of 12 lectures
- I will try to highlight and explain crucial concepts in short movies with
me working through things on a white board - however, these movies are



Week H Chapters

Comments & Suggested Problems

1 1-3

Reminder of important concepts. Introduction
to Classical Field Theory in Lagrange formalism:
real and complex scalar fields and electrodynam-
ics. Conserved current and conserved charge.

Logic of 2 quantisation and first example: real
scalar field theory. 24 quantisation of complex
scalar theory. More on conserved current and
charges, this time in the quantum world.

Introducing the Dirac equation without quantisa-
tion: Linearising Klein-Gordon equation, spinors,
their properties, and v matrices. ond quantisation
of the Dirac equation: using anti-commutators for
the quantisation conditions on fermions.

Free electrodynamics fields. Impact of gauge in-
variance: “over-quantising”. 2"9 quantisation in

Coulomb and Lorentz gauge.

Time-ordered products are the Green’s functions
(propagators) of free theories.

Interacting field theories. A first stab at the S-
matrix and Wick’s theorem. This is extended
reading and will not be subject of the relativis-
tic quantum mechanics part of the exam.

Table 1: Coverage of material during the course

by no means complete and they are mainly meant to structure your own,
self-driven learning. Below a table, Tab 1, of what material would have been

covered week-by-week.
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1 Introduction

In this course, “Relativistic Quantum Mechanics”, we combine Quantum
Mechanics with Special Relativity and develop a formalism to quantise fields
in a Lorentz-invariant way.

We will recapitulate the Lagrange and Hamilton formalism for the treat-
ment of classical point particles as well as the quantisation of the harmonic
oscillator through creation and annihilation operators. Building on the for-
mer, we will briefly analyse the Lagrange formalism and the derivation of
Euler-Lagrange equations of motion for a discrete system, before taking the
continuum limit, resulting in the Lagrange formulation of field dynamics.
We will analyse free real and complex scalar fields in this formalism, and
for the latter, we will find a symmetry — phase shifts of the fields — that
leaves the Lagrangian invariant. We will see that such invariances result in
conserved currents and charges. We will further exemplify the power of the
formalism by constructing a Lagrange density for the electromagnetic fields
and deriving Maxwell’s equations from it.

To quantise fields we will copy the steps known from single-particle systems,
in particular the harmonic oscillator, and adapt it to the case of fields. In
so doing we effectively replace the role of position and momentum of the
particle, and the corresponding operators, with the field and its conjugate
momentum. The resulting logic is to replace the functions describing fields
and their conjugate momenta with field and momentum operators, and to de-
mand suitable commutator relations for them. This is called second quanti-
sation. As a consequence of relativistic invariance, encoded in the quadratic
energy-momentum relation of E? — p? = m?, solutions with negative energy
become possible. Demanding a Hamiltonian with an energy spectrum that
is bounded from below, i.e. a physically meaningful ground state or vac-
uum, necessitates their interpretation as anti-particles. It also immediately
implies we have arrived at a multi-particle theory, because pairs of parti-
cles and anti-particles with short lifetimes can be produced. We will check,
by explicit calculation, that the resulting theory maintains causality at a
microscopic level, by asserting that commutators of causally disconnected
fields always vanish and that they therefore cannot impact onto each other.
After second quantisation of the simplest possible theory, a single free real
scalar field, we analyse the structure of a free complex scalar field. We will
recover the current and charge stemming from the phase invariance of the
Lagrangian and we will by explicit calculation show that the charge and
the Hamilton operators commute, making charge conservation of the theory
manifest.

After analysing the free scalar or Klein-Gordon fields we will turn our atten-
tion to the treatment of spin-1/2 particles in the celebrated Dirac equation.
We will analyse its structure and ingredients — v matrices and spinors —
and their properties before second quantisation of the theory. Reflecting



the fermionic nature of the particles, we will use anti-commutators {-, -}
instead of commutators [, -] for the quantisation conditions. Similar to the
case of the complex scalar field, also the Lagrangian for free spinors enjoys
invariance under phase transformations of the fields, and again this leads to
a conserved charge.

We then turn our attention to the quantisation of electrodynamics and the
free electromagnetic fields. There, we will encounter an interesting problem:
the vector potential A¥, on which we build the theory, naively speaking, has
four degrees of freedom in its four-components, but the physical field has
only two degrees of freedom, the well-known linear or circular polarisation
states of the photons, the quanta of electromagnetism. This necessitates the
imposition of additional conditions onto the theory, to correctly reflect its
physical content. In more formalised language, this problem is a result of the
gauge invariance of the underlying theory, electromagnetism, which results
in identical physical fields for different vector potentials. It will become clear
that the problem of the additional content will be fixed by fixing the gauge
of the theory, and we will see how this is shapes the additional conditions
we will impose on the theory.

Having quantised various free field theories and discussing some of their
properties, we will start with developing a framework to analyse their dy-
namical behaviour. To this end we will build on the concept of Green’s
functions and construct the Green’s functions of our quantised theories. It
will turn out that these “propagators” are the vacuum expectation values
of time-ordered products of the field operators.



2 Recapitulation

In this section we recapitulate important concepts from previous lectures
and properties of the objects we will use throughout the lecture. The aim
is not to explain in detail how things work or why, but to provide you with
a unified notation and nomenclature. If necessary, please, re-familiarise
yourselves with the concepts in this section.

If you feel you need to read up on

e tensors and indices, please, take a look at the lecture notes of Dulle-
mond and Peeters [8]; also chapter 3 of Griffiths’ book [2] or chapter 7
of Goldstein’s book [9] may be helpful, although the latter keep factors
of c.

e Lagrange and Hamilton formalism and related problems, take a look
at the classical textbooks of Goldstein [9] (chapters 1 and 2 for La-
grange formalism, chapter 8 for Hamilton formalism, chapter 3 for
central force problem, and chapter 6 for oscillations) and Landau and
Lifshitz [10] (chapter 1 for Lagrange formalism, chapter 7 for Hamil-
ton formalism, chapter 3 for motion in a potential and chapter 5 for
oscillations).

e harmonic oscillator in Quantum Mechanics, creation and annihila-
tion operators, maybe you may want to check Sec. 2.3 in Sakurai’s
book [11]7

2.1 Natural Units
Throughout the course we will use “natural units”,
h=c=1. (1)

All quantities will be expressed in units of energy, i.e. electron Volts (eV),
or their inverse. One €V is the kinetic energy an electron gains when being
accelerated from rest through an electric potential difference of 1 Volt in the
vacuum. To transform between quantities in different units, we will multiply
or divide by combinations of 4 and ¢, as in Table 2. In particular this means
we have the electron and proton mass as m, =~ 511keV = 0.511 MeV and
my ~ 938 MeV ~ 1 GeV.

2.2 Some mathematics

Fourier Transformation Throughout the lecture we will define Fourier
transformations between position £ and momentum & in a somewhat asym-
metric form as

F(k) = / (jjj) ek f(z)

3



time +— length with ¢~ 0.3-10°m/s
momentum <— energy with ¢

mass <— energy with 2

time < 1/energy with h=~6.5-10"22MeVs
length +— 1/energy with hc~ 200MeV fm

Table 2: Transformations between physical quantities

f@ﬁ=t/dkamf%) 2)

The extension to higher dimensions — for example for the Fourier transfor-
mation of three-vectors — is straightforward:

~ 3y .
Flk) = / T e )

(2m)3
fo) = [ @ket= ). 3)
0-function The Jd-function is defined through an integral relation as
b flzo) ifzo € fo. b
_ xg) ifxg €la, b
/d:cd(x — o) f(w) = { 0 otherwise. (4)
In addition, we have
/ dz e = (22)5(k — ) (5)

Again, the extension to more dimensions is straightforward.

2.3 Four-Vectors and Minkowski Space

Four Vectors Throughout the course we will use relativistic notation.
Time ¢ and spatial position = (z, y, z) are combined into a (contravariant)
four-position

at =,z y, 2) = (t z) (6)

and similar, energy £/ and momentum p = (pz, py, p-) are combined into a
(contravariant) four-momentum

P = (E, pz, py, p2) = (E, p) . (7)
We will use Greek indices pu, v, p, ... to label components of four-objects
and Latin indices ¢, 7, k, ... to label the spatial or three-components.



Einstein Convention When not stated otherwise we will use Einstein’s
convention of summing over repeated indices, for example

p* = pipi = p3 + D, + po- (8)

Metric Tensor For four-vectors this is a meaningful operation only when
combining contravariant objects (where the index is a superscript) with co-
variant objects (where the index is a subscript). The two sets of four-objects
— contravariant and covariant — are connected through the metric tensor g,,,,

Pu = guwp” and p" = g"p,, 9)

where the Minkowski metric is given by

1 0 0 0
0 -1 0 0
e ny e 1 — s
g,ul/ g dlag(17 l) 0 0 _1 0 (10)
0 0 0 -1
In other words, if p* = (E, p), py = (E, —p).
From p, = g,/p, we can easily infer that
1 0 00
. 01 00
g9, =g", =diag(1, 1) = 00 10 (11)
0 001

Raising and Lowering Indices We have already seen, how the metric
tensor is used to raise or lower indices of four-vectors, e.g.,

zy = guwx’ and 2! =g¢"x, (12)
which introduces a sign flip in the spatial coordinates:
if e = (t, ) then =z, = (t, —x). (13)

For tensors with n indices, one metric tensor is necessary to raise or lower
one index. For example, for a tensor F'* of rank two, two metric tensors are
necessary to lower both indices. As an example, consider the field-strength
tensor of electromagnetism, given by

0 -E, —E, —E.
E. 0 -B. B,
E, B. 0 -B,
E. -B, B, 0

FH =



Therefore,

1,0

Fu = g g F*7 (15)
where, making the sequence of matrix multiplications explicit

/l// /U/
F#:gwj’F“ =F# gv'v

0 -E, —-E, —E, 1 0 0 o0
_ E, 0 -B. B, 0O -1 0 O
o E, B, 0 -B, 0O 0 -1 o0
E. -By, B, 0 0 0 0 -1
0 E, E, E,
_ E, 0 B, -By
o E, —-B, 0 B, (16)
E. B, -B; 0
and
Fuw = guw F
1 0 0 0 0 E, E, E,
_ 0O -1 0 O E, 0 B, -By
o 0O 0 -1 o0 E, —-B, 0 B,
0O 0 0 -1 E. B, -B, 0
0 E, E, E,
—F, 0 -B., By
prng : 1
-E, B, 0 -B, ’ (17)
0

—E. -B, B,

in other words, lowering both indices changed the sign in the 0-row and 0-
column of the tensor — the mixed temporal-spatial entries — and left the
temporal-temporal and spatial-spatial entries unchanged.

Scalar Product Scalar products of two four-vectors are then given by
r-p=x,p'=atp, =mwopo—-p=x0p0 — T1P1 — T2p2 — x3p3  (18)

Derivatives Derivatives of a scalar or scalar product with respect to a
vector are given by
da-b  Oay,-b*

= = pH¢ 1
day, day, # (19)

i.e. derivatives of a scalar quantity w.r.t a covariant vector yield a con-
travariant vector. In particular it is customary to define

0

T

= (9/0t, V)



or = a‘zu = (8/dt, -Y) . (20)

Note that the derivatives have a relative sign in the spatial coordinates!
Relativistic Energy-Momentum Relation In particular, the energy-

momentum relation for a physical particle of (rest) mass m can be written
as

p’=E?—p*=m? (21)

Kronecker-§ and Levi-Civita Tensor Two important tensors in three
dimensions are the Kronecker-4,

(1 ifi=
R
0ij = 0 { 0 otherwise, (22)

and the anti-symmetric Levi-Civita Tensor, given by

1 if {ijk} = cyclical permutation of 123
= —1 if{ijk} = anti-cyclical permeation of 123  (23)
0 otherwise.

ik
€iji = €7

The latter is generalised to the totally anti-symmetric tensor in four dimen-
stons, e*¥P9 with

1 if {urvpo} = cyclical permutation of 0123
P = —€pe = —1 if {urpo} = anti-cyclical permutation of 0123
0 otherwise.

(24)
2.4 Lorentz Transformations
General idea Lorentz transformations,
ot —s 2t = A* Y (25)

are linear transformations that connect four-vectors with each other. The
A", are usually divided into active transformations where the four-vector in
question is moved while the reference system is fixed, and passive transfor-
mations, where the four-vector is fixed, but the reference system is changed.
The difference between active and passive transformations is encoded in a
relative sign of the defining parameters.

In the context of this lecture, the idea of Lorentz transformations is gener-
alised such that they contain both boosts BY, and rotations R",, where the
former are defined by three velocities and the latter defined by three angles.
In fact, the rotation are the Galilei transformations, which are superseded
by the Lorentz transformations.



Boosts The (active) boosts B, are defined by the three-velocity! v; for
example for a boost long the z-axis with velocity v = v,

1 0 0 —v coshn 0 0 —sinhn
0 1/y 0 O 010 0
1% — =

Bhw)=v1 ¢ g 1/y 0 00 1 0]

—v 0 0 1 —sinhn 0 0  coshnp
(26)

where
1

coshn =~ = (27)

v1—0?

is the Lorentz factor and n is the rapidity.

To construct the boost defined by a three-velocity v, B",(v), it is advan-
tageous to realise that the spatial dimensions can be decomposed into one
component parallel to the boost-vector v, azh and two perpendicular ones,
7. With v = vn and T =z-n, the transformations read

t'=y(t—z-v)
ach =7(z) — vt)
7 =7, (28)

or, for the spatial components in more compact form
2 =z+(y—1)(n-z)n—~yut (29)
In matrix form this translates to

v —YVx —YUy —YUz
e L+ -DE (Dt (- )s
—uy, (Y —DEE I-(y-DF (-1
—yv. (y=1% (=Dt 1-(y-1)3

Rotations Similar to the boosts, the (active) rotations R", are defined by
three Euler angles; for example a rotation around the z-axis with angle 6 is
mediated by

0 00
cosf —sinf 0
sin cosf O
0 0 0 1

Note that we express the velocity in natural units - in many books the velocity is
given as v = ¢ with c the speed of light.

o O =

(31)




Invariance of Norm of Four-Vectors The Lorentz transformations
have been constructed such that the norm of a four vector is invariant under
a boost or rotation. To see how this works look at a four-vector x, boosted
with velocity v. The square of its norm is given by

(12'1)" = = #% = 7% — 2’

— 2 [(1 — )~ (1—v?)af] — 2 = (32)

and therefore invariant.

Time-like vs. Space-like Distances Invariance of the norm of four-
vectors implies that distances of two four-vectors, Axfy, = x| — 24, which of

course are four-vectors themselves, can be decomposed into three cases:

1. Time-like distances: Ax2, > 0.
A boost can be found in such a way that Azf, = (At, 0), or, in other
words, the spatial positions of 1 and x2 are identical. Events at four-
positions x; and x5 can be causally connected.

2. Space-like distances: Az, < 0.
A boost can be found in such a way that Azf, = (0, Az), or, in other
words, the temporal positions of x1 and xo are identical. Events at
four-positions x1 and xo are not causally connected.

3. Light-like distances: Ax2, = 0.
A boost can be found such that Az¥, = (0, 0), and events at four-
positions x1 and zo are on the same light-cone and can be causally
connected through an interaction acting with the speed of light.

The connection of distances with causal structures will become important
at a later stage during the lecture, ¢f. Section ?77.

Inverse Lorentz Transformations Inverse Lorentz transformations are
given by using velocities and rotations with a negative sign with respect to
the originals. This can be used to construct inverse Lorentz Transforma-
tions by expressing the squares of transformed and original four-vectors in
component form:
2 ! ! ! !
o =atg, 1 = A““/m”‘ G\’ =t gua” (33)
or
AMM/Q;WAVV/ = gwy/ . (34)

Since no system is preferred the metric tensor must be the same in all
systems, i.e. g, = g, and therefore

A LGNy = (A7) gAY = gy (35)

14
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This implies that

(AT, = (AT ) = A (36)

i.e. transposition is the inverse of a Lorentz transformation.

2.5 Lagrange and Hamilton Formalism for Point Particles

Lagrange Function Consider a point particle with kinetic energy T and
a set of generalised coordinates ¢;(t) and velocities ¢;(t) = dg;/dt that are
suitable to describe its motion in a potential V. The Lagrange function is
given by

L(qi(t)v Cjz’(t)a t) =T-V (37)

and gives rise to the action

t1

S(t, to) = / AtL(gs(8), (1), 1). (35)

to

Principle of Least Action Minimising the action by employing virtual
small perturbations of the particle’s path ¢; and ¢;, taken to be zero at
the endpoints ¢y and t1, will yield the Fuler-Lagrange Equations of Motion
(E.o.M.). This is also known as Hamilton’s Principle or Principle of Least
Action. Under the usual assumption of an explicitly time-independent La-
grange function and suppressing for a moment the time dependence of the
generalised coordinates and velocities, this yields

t1
68 = / dt [L(g; + €, ¢ + &) — L(g;, Gi)]
to

t

1 ty
oL . 0L oL d oL oL
= / dt [Qaqz +6Zaq'i] = / dt [Qaqi - Ezdtaqll + [Gzaq.zl . , (39)

to to

where in the last step the term with é; has been partially integrated.

Euler-Lagrange Equations of Motion Since the variations ¢; are as-
sumed to vanish at the path’s endpoint the last term vanishes, demanding
that the integral reduces to zero for arbitrary perturbations yields the Euler-
Lagrange E.o.M. for systems without explicit time dependence:

0L d L _

10



Canonical Momentum and Hamilton Function Introducing the canon-
ical momenta

)

pi = G (41)

and expressing the generalised velocities through the canonical momenta p;
allows to construct the Hamilton function as

) . . OL .
H(pi, ¢i) = ¢ipi — L(qi, ¢;) = Gigg L(gi, ;) =T +V, (42)

identical to the energy of the system if it is not explicitly time-dependent.

Hamilton Equations of Motion The Hamilton equations of motions
are given by the two sets of coupled partial differential equations

. _dp;  OH
Pim=rqe = 0q;
dqi OH
=44 _ O 4
4 dt +8pi (43)

Poisson Brackets Poisson brackets are another possibility to express the
Hamilton E.o.M. they are defined by

{f’g}:gigi‘gégi' (44)
They have some interesting properties, for example
e anti-commutativity:
{f, 9t =—{9, /} (45)
o bilinearity (a and b constants):
{af +bg, h} =a{f, h} +b{g, h} (46)
e Jacobi identity:
{f, {9, B3} +{g, {h, f}} +{h, {f. 9}} =0 (47)

In particular, the Poisson brackets for the canonical coordinates (positions
and momenta) enjoy the following simple properties:

{ai, 4} = {pi, i} =0

11



{4, pj} =dij - (48)

Equations of motion can therefore be expressed as

OH
.i = = — = iy H
p 94, {pi, H}
OH
=+ o — (g, H) . 4
Gi=+5 {qi, H} (49)

The time evolution of any function f(p;, ¢, t) can be evaluated using the
chain rule,

df _of, ., of of
dt N 8qi 4 8;01' ot '

This translates into explicitly time-independent f are constant of motion, if
their Poisson bracket with the Hamilton function vanishes?.

. of
pit 5= {f H}+ (50)

2.6 First Quantisation of the Harmonic Oscillator

Hamilton operator In a first step, the Hamilton function is written in
terms of the usual canonical position and momentum, and position, momen-
tum, and Hamilton function are promoted to operators 3, resulting in

2
= — — . 51
mp + 2 v ( )

Note that we have used natural units, setting 7z = 1, and in the following we
will also set m = 1 to ease the notation.

Commutator of Position and Momentum Quantisation is achieved by
demanding that the position and momentum operators have a non-vanishing
commutator 4, namely

(&, ] = &p—pi =1.| (52)

Creation and Annihilation Operators To cast the Hamilton operator
into a form better suited for analysis, creation and annihilation operators af
and a are introduced as

i— L (ﬁ Pt — ﬁ)
V2 Ve

2Note the similarity of the Poisson brackets to the commutator in Quantum Mechanics.
It is, however, important to stress that the functions here are not operators acting on a
Hilbert space, but just functions.

3Throughout the lecture we will denote operators through a“symbol.

4Remember the Poisson brackets? Of course, as functions, the sequence of their product
is irrelevant, but as operators this is not the case anymore. In this respect the commutator,
although not connected to any derivative, behaves quite similarly to the Poisson brackets.

12



"

a
[, ']

0
1.

(54)

Hamilton Operator Expressing the Hamilton operator from Eq, (51)
through the annihilation and creation operators yields

1 2
- 2+%:z:2 - % [—(a—af)2+(a+af)2]

1
:%(a&ﬂa*a) - g([a af] +2aTa> - w<aTa+2> (55)

Number Operator Rewriting the Hamilton operator as

. 1 1
H:w(aTa+2>=w<N+2> (56)

with the number operator

=
Il
joN
i
Q>
—~
(@)
\]
~—

It has commutator relations

[N,a']=a' and [N, a]=—a (58)

with the creation and annihilation operators.

Eigenstates Denote the energy eigenstates and eigenvalues with
H|E)=E|E) (59)

it is easy to check that a |E) is also an eigenstate of the Hamilton operator,
. P
HalE) =w (N + 2> a|E)
-~ 1 1 .
=w N—i—i,a +a N+§ |E) = (—w+ E)al|E) (60)
with eigenvalue (energy) (E — w).
Using the fact that eigenvalues of Hermitean operators, such as the position,

momentum, and Hamilton operators, are real numbers and realising that
the Hamilton operator is made up from squares of Hermitean operators with

13



squares of real numbers as eigenvalues, implies that there must be a smallest,
non-negative energy with a corresponding lowest-energy ground state of the
system. Denoting this state as “vacuum”, the only way to guarantee that
there are on lower energy eigenvalues is to demand that the annihilation
operators annihilate this state,

al0) =0, (61)

thereby justifying once more the interpretation of a as annihilation operator.
Conversely, excited states are created by repeated application of the creation
operator,

at|oy = 1) (62)

and so on. Applying the number operator suggests that the vacuum contains
zero quanta, thereby justifying the notation of |0) and similarly that the first
excited state contains one quantum:

N|0)=0
N 1) =ataat |0) = at ([a &T] + aTa) 0)=1-afj0)=1[1).  (63)
This suggests that the number operator enjoys the eigenvalue equation
N |n) = n|n) (64)

for eigenvectors (eigenkets) |n).

It is worth commenting here on the states. They populate a Hilbert space -
put in somewhat sloppy terms, this is a vector space with a finite or infinite
number of dimensions, which has a meaningfully defined scalar product.
This scalar product allows to define a measure of distance and the length
of a vector in it. Hilbert spaces are complete as well, which means that we
can safely define limits etc..

Eigenvalues and Eigenstates of the Hamilton Operator Eq. (56)
results in the realisation that the Hamilton and the number operator share
the same eigenvectors/eigenstates, the |n). Plugging in numbers allows to
directly read off the ground-state energy Ey as

- w
110) = 210) = B [0) (63)
and similarly
. 1
Hn)=w (n + 2) |0) = E, |0) (66)

with eigenvalues (energies) E,, = w(n + 1/2) for the energies of the excited
states.
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2.7 Problems & Solutions
1. Levi-Civita symbol
(a) Show that for the Levi-Civita symbol in three dimensions,
ik gilm _ gilgkm _ sim gkl
ik il — o gkl

67,jk67,jk -6 ’

(b) and that for the Levi-Civita symbol in four dimensions,

vpo ‘ol ! oo’ ap’ po’
P, P = — (g g7 — g7 gP7")
v / /
e pgﬁuupg - _ 6900
P pe = — 24.

Solution

(a) Levi-Civita in three dimensions:

First of all, it is improtant to stress here that we use Einstein’s

convention over repeated indices throughout.
To have a non-vanishing €% the three indices must be different.
Without any loss of generality this implies that j # k and | # m
must be fulfilled for the product €7%¢?™ to be different from 0.
In addition, ¢ has to be different to both j and k£ and to [ and m,
and the sum collapses to only one term (three dimensions, so i, j,

. are numbers in {1, 2, 3}), where j and k are identical to [ and

m, so either j =1 and k = m, or j = m and k£ = [. These are the
two d-terms. The first term, with the positive sign, emerges from
ijk and ilm being both either cyclical (¢¥¥ = 1) or anticyclical
(€9F = —1), with {ijk} = {ilm}, while the second term, the one
with the negative sign comes from {ijk} = {iml} and one of the
two being cyclical implies that the other is anti-cyclical. This
proves

61jk€zlm — § :ez]kezlm — 6]l5km_5jm5kl.

i

For the product €7%¢! similar considerations apply. Demanding
that i, j # k and 4, 7 # | means that &k = [ must be fulfilled and
1 # j means that for a fixed k, there are two combinations possible
for ij, either cyclical or anti-cyclical. Therefore ¥l = 26k |
Finally, for €7%¢i% it suffices to count how many permutations
of {ijk} = {123} exist to arrive at ¢/*¢iik = 6.
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(b) Levi-Civita in four dimensions:
The identities for the totally antisymmetric tensor in four dimen-
sions follow from using the same logic as before. The realitve
minus sign in front of the expressions is relatively easy to ex-
plain with the signs in the metric tensor, since for the spatial
components gppl = v,

2. Boosts and Rotations

(a) Calculate the effect of two consecutive boosts in z-direction, given
by rapidities n; and 72. Do the two operations commute (i.e.
what happens if you reverse the order)?

Hint: Use that

cosh a cosh 8 + sinh asinh 8 = cosh(a + 3)
cosh asinh 3 + sinh o cosh 8 = sinh(a + )
cosacos B £ sinasinf = cosh(a F )

cosasin B + sin acos f = sinh(a + )

(b) Repeat the exercise for two consecutive rotations around the z-
axis with angles 61 and 6.

Solution

(a) Recalling the boost matrices

coshmo 0 0 —sinhno

01 0 0

B, = 00 1 0
—sinhni o 0 0 cosh o

and therefore, consecutively applying boost 2 after boost 1
cosh ng 0 0 —sinhny cosh n; 0 0 —sinhng
0 1 0 0 0 1 0 0
ByBy = ( 0 0 1 0 > ( 0o 0 1 0 )
— sinh g 0 0 cosh ng — sinh ny 0 0 cosh n

cosh(ny + W2C)) 8 — sinh(ny + 7]2())
= 0 1 0 - BlBQ .
) 0

—sinh(n1 + 72 cosh(n1 + 7n2)

o oo

(b) Similarly, the rotation matrices

1 0 0 0

Ry — 0 cosbip —sinbtip 0
L7101 0 sin 012 cosfio O
0 0 0 1

16



and therefore, consecutively applying boost 2 after boost 1

1 0 0 0 1 0 0 0
R R _ 0 coséy — sin 02 0 0 cos 61 —sin 61 0
2] — 0 sin 6o cos 6 0 0 sin 61 cos 01 0
0 0 0o 1 0 0 0 1

1 0 0 o0

_ 0 cos(01 + 02) —sin(61 + 62) O _

- 0 sin(01 + 62) cos(01 +62) O - R1R2 .

0 0 0o 1

3. Inverse Lorentz transformation
(a) use the invariance of distances under Lorentz transformations
2% = [A“Va:l’]2
to show that
[A%) 7 = A,
(b) what is the form of inverse Lorentz boosts and rotations along or

around the z-axis?

Solution

(a)

2 v 12 Ip.Io apo
= guates’ =27 = guer’r’ = gy N A 63:’3

= G = Gpo A A7,
=0, = g9 = gpog” A’ A%,
= 0] = gpe AN,
=0 =1 =AA?,

Written in matrix notation this implies that
At =gATy
(b) Using the metric tensor to raise and lower the two indices, yields

B P
= ngA o
0 0 0 coshu 0 0 —sinhu
—1 0 0 0 1 0 0
0 -1 0 0 0o 1 0
0 0 —1 —sinhu 0 O cosh u
0 0 0 cosh u 0 0 sinh u
— 0 0 0 -1 0 0
0 -1 0 0 0 —1 0
0 0 -1 —sinh u 0 0 —coshu
sinh u
0
0
cosh u
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cosh(—u) 0 0 sinh(—u)

B 0o 10 0

N 0 01 0 ’
sinh(—u) 0 0 cosh(—u)

as expected for boosts along the z-axis. Similarly, for rotations
around the z-axis

AP = g AP ghe

1 0 o0 o0 1 0 o oNT ,1 o o o
_ 0 -1 0 0 0 cos 0 sin 6 0 0o -1 0 0
- 0 0 -1 0 0 —sinf cosf® O 0 0 —1 0
0 0 0 —1 0 0 0 1 0 0 0 —1
1 0 0 0 1 0 0 0
_ 0o -1 0 0 0 —cosé@ sin 6 0
- 0 0 -1 0 0 —sin @ —cos 6 0
0 0 0 —1 0 0 0 —1
1 0 0 0
_ 0 cos6 —sinf® 0
- 0 sin6 cos 0 0 ’
0 0 0 1
1 0 0 0
| 0 cos(—0) sin(—0) 0
0 —sin(—0) cos(—0) 0 |’
0 0 0 1

again, as expected.

4. *The Generators of the Lorentz group
In this problem we will derive the generators of the Lorentz group and
prove some of their properties.

(a)

consider a general, but infinitesimal Lorentz transformation and
write it as
AH, = 0H + W,

Show that the infinitesimal parameters w,,, are antisymmetric.

Due to their anti-symmetry, there are only six independent w,,,
which shows that the Lorentz-group is a six-parameter group. An
arbitrary Lorentz transformation can be obtained by

U(w) = exp [—;Muyw’“’] ,

where the M uv are the generators of the group. We obtain them
by considering infinitesimal transformations and comparing co-
efficients. Chooisng generators from three infinitesimals boosts
along the x, y, and z-axis and the three infinitesimals boosts

18



around the z, y, and z-axis we arrive at:

000 0 0100
-~ |looo o . 100 0
Re=Mu=01 4o -1 | B==Mu="114 ¢ o 0
001 0 0000

000 0 0010

-~ looo -1 . 0000
Ry=Msz=i] o ¢ o o By=Moz==i| 1 o ¢ g
100 0 0000

00 0 0 0001

- oo -10 . 0000
Re=Ma=il g o o B=Me==11 ¢4 ¢
00 0 0 100 0

Convince yourself that their commutation relation
[M,W, Mpa} =i (gwMup + GopMyuo — GupMyo — gVO'M,up>
holds true. Define
Wy = el and Ky = N

and their linear combinations

X % (3 £ ¥,

)

and use the general identity to prove that their commutators are
given by

X7, K| =iep X and X7, XT] =0.

Solution
(a) Using Eq. (35) we can write
guv =Ny g’ = (5“,, + w“,,) G (0% + ")
= g e e + O(P)
and therefore we must demand
Wyt twprnr =0 — Wy = =Wy,

i.e., anti-symmetric w.
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(b) Let us consider a number of cases, namely the commutator of two
two boosts, of two rotations, and of a boost and a rotation.

[Mm, MOQ] = igongg = iMlg
[Mlz, M13] =  —ig My = ilMys
[Mm, Mu] = iguMog = —iMo

We then have, for the vanishing commutator,

. R 1 1 ~ Lo~ 1 ~ - "
[Xii, X;F] =7 [2€iklel +iMio, 5€jmnMmn F ZMJ'O]
1 €ikl€E ~ ~
- 3 {ZTW [M,d, an]

1€k
2

1€ - - - - - ~
52 NEig, Mn | F <5 | Nlt, Vo] + Vo, Mjo]}

1 ( €LI€E; N N R N
Z { S (.ganlm + glkan - gklin - glanm>

4
1€ N A A N
= I ( gin Mom + GomVin = GimMon = 900 Vi
1€k ~ ~ ~ ~
5 (gkOMlj + g1 Myo — grj Mo — gloMkj>
- gOOMij}

% {_i |:(5ljé‘lm - 5lm5ij)Mlm + (5in5jk - 51j5kn)Mkn

o (5ln5ij _ 5lj5in)Mln _ (51]5km o 5zm6k]>Mkm]

) N N 7 N N N
F5 [EiijOm - ejinMOn} ¥5 [Giijko — EileZO} - Mij}

] 17~ - - - ~

i . . . .
¥5 [fiijOm — €jimMom — €imjMmo + eiijm0:| }

= % {_Mji — Mij F % [Giijgm(l +1-—-1-— 1):| } =0,
where, in the last step, we have used the anti-symmetry of the
Levi-Civita Tensor and that Mgm = — Amo. In the treatment of
the terms proportional to only one of the Levi-Civita Tensors we
also realised that terms of the form €;;3,gr0 vanish — after all €;;;,
is only defined for permutations of the spatial dimensions, i.e.
{i, j, k} € perm({1, 2, 3}). We also took into account the sign
for space-like components, i.e. g;r = —;k.
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The non-vanising commutators in contrast are given by

- N 11 ~ oo~ 1 ~ s
|:Xz:ta X]:t] == [2€iklel + Mo, §Ejmann + ZMj0:|

4
1 €ikl€imn [ 45
- Z{ 4 [ kl:an}
i%j% [Mio, an} + Ze;kl [Mkh Mjo} - [Mz‘m Mjo]}

_ 2 {eiklejmn
4

4 (ganlm + glkan - gklin - glanm>

1€ A ~ . -

=+ Jan (ginMOm + gOmMin - gimMOn - gOnMim)
1€kl ~ - ~ ~

+ 5 (gkOMlj + g1; Myo — grj Mo — glOMkj>

+ gOOMij}

. 1 L. .. ~ ; y 1] v
- % {_4 [(5“5% — MmUY Ny, + (6707F — 699 5K My,

) N - 7 N N -
+5 [fiijOm - EjinMOn} + 3 [Giijko - 61‘sz10} + Mij}
) 1r1.~ A A - A
= 1 {—4 |:Mj7j + Mj; + Mj; + Mji] + M;;

¥3 [Gz‘ijOm — €jimMom — €imjMmo + Eiijm0:| }
1 N N 7 N

= 1 {—sz’ + M;; F 3 [GiijOm(l +1+1+ 1)} }

= 3 {Mij i%ijkMko]

and direct comparison with the definition of )A(i,

. S Z.Eijm €mrs 4 .
ieigm X = "0 (20 Nk i

2 2
_ z [6ijm6rsm Mrs + ZMmO} _ E 5i7”5j8 - (5is(5jr MTS + ZMmO
2 2 2 2
= 5 5 ( ij — Mﬂ> + ZMmO = 5 [Mlj + ZMm0:| =

yields the desired result.

This proves that the six generators of the Lorentz group fac-
torise into two groups of three generators, where each group has
a commutator structure that is identical to the one enjoyed by the
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generators of the angular momentum group, and where the gener-
ators of the two groups do commute. In other words, the Lorentz
group SO(3,1) decomposes as SO(3,1) = SU(2)®SU(2), hinting
at a deep connenction between the Lorentz group and spin.

5. *Poincare transformations
The Poincare transformation U(A, a) is defined by the combination of
a Lorentz transformation, A", and a shift in space-time, a,,, as

/
at — ™t = AR x¥ 4 al.

(a) Determine the product, the unit and inverse of the resulting
group.
(b) Verify that
UL(A, 0)U(1, e)U(A,0)=U(1, A Le)
and show that this implies that
U™ (A, 0)PU(A,0) = (A1), P, .

Use this to determine the commutator [M, e Pp] of the generators
of the Lorentz group and the momentum operator.

(c) Show that
U~YA, 0)U(A, 0)U(A,0) = U(ATAA, 0)

and use this to prove the commutator relation of the generators
M,,, from the previous problem, i.e.

[M;wa Mpo‘} =1 (g,ule/a - guo'Mup - ngM,uO' + gl/oM,up) .

Solution

(a) Let us start by the product of two transformations, U(A, a) ®
U(A, a) i.e.

at — o't = AH (]\‘;)mp + d”) +at,
and we can read off that
U(A, o) @U(A, @) = U(AA, Ad+ a)
the product is given by a product of the Lorentz-transformation

with a shift given by the sum of the Lorentz-transformed first
shift and the second shift.
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The unit element is obviously given by no Lorentz-transformation,
the unit matrix plus a zero shift, U; = U(1, 0) and the inverse is
given by

U YA, a)=UMA, —Aa).

To check this explicitly, show that

o' = U YA, a)U(A, a)z"
= (A hH (A"aP +a”) — N

= ghat + (AT — (A ha” =t

as expected.

o = (AT [g’fDApJa:U + el’] =M+ (AHE e
as demanded. Using the fact that the momentum operator is the
generator of infinitesimal translations in space-time, the ¢,, we

see immediately that the relation above implies that

U™ (A, 0)PU(A,0) = (A1), P, .

indeed holds true.

To calculate the commutator of the momentum operator and
the generators of the Lorentz group it is important to remember
that Lorentz transformations parametrised by w,, are generated
through

U(w, 0) = exp <—;Mﬂyw“”) =1- %Muyw’“’ + O(w?).

see the previous problem. Using the transformation law for the
momentum above, and specify it for an infinitesimal Lorentz
transformation we therefore have

<1 + ;MWUJW) B, (1 - ;M,Www> = (" —wh) B,
kY o~ A A A wh? N «
9 (M;WPU - PO'M/J,I/> = - 9 (gl/UP/,L - gVO‘Pl/>
[M,uua Pa:| = guap,u - guaplly

where in going from the first to the second line we ignored terms
quadratic in w and we explicitly anti-symmetrised the right-hand
side when lifting the Lorentz index of the w%, to reflect its prop-
erty.
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(c) Start with
2™ =U"YA, 0)U(A, 0)U(A,0)# = (A1) A AL 2°

as expected and specify it for an infinitesimal Lorentz transfor-
mation for A =1+ ©. Then

—13 -1 o~
(ATAA)Y, = 0 + (A7), A0

and, in analogy to the treatment of the infinitesimal translations
we can use this to deduce the transformation law for the genera-
tors of the Lorentz transformations, namely

U™ (A, 0)MpeU(A,0) = (A1) A, M, .
Specfiying this for infinitesimal boosts A = 1 4+ w we find
[ v v - v v ANY
<1 + §M,Ww“ > M,y (1 — iM’WwH ) = (&, —w')(0% + W) My,

and ignoring terms of order w? and anti-symmetrising arguments
as before we arrive at

Twh” ~ ~ ~ 9 w, v v Y
(MWMPU - MPGMW> = (6 oo — 0w p) M

2
wH -

= —7 (gupMua - QMOMVP - gVPMHU + g”UM“p)

and therefore we find that the commutator indeed is

[Muw MPU} =1 (guvao - gquVp - QVPMM + gwMup> .
In addition to the known commutator
[PH, Py} -0
this fixes the algebra of the Poincare group.

6. Lagrange and Hamilton Formalism: Example Systems
For all of the three systems

(i) Free particle in three dimensions;

(ii) Mathematical pendulum in one dimension, in the small-angle ap-
proximation;

(iii) Particle in two-dimensions in a central potential

analyse the E.o.M. through the following steps:
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) write down the Lagrange function;
) derive and solve the Euler-Lagrange E.0.M.;
) construct the canonical momenta;
d) find the Hamilton function;
) derive the Hamilton E.o0.M.;
)

try to directly infer constants of motion where possible.

Solution

(a)

(i): L = %@2
2 .
(i) : L = %HZ—ngGQ
(i) : L = % <7’"2+r292) —V(r)

(b) For each coordinate ¢ we have

_doL oL
dtdq  Oq
and therefore
(i): 0 = mZ
(i5): 0 = mi®6+mglf

(iii) : 0 = m(r? + 2r7f)
4

0 = . 9‘2
mr —mr +87“

(¢) For each coordinate ¢ we have

and therefore

(ii) : pg = mi*0

(ii1) : pg = mr
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(d) Summing over all coordinates and momenta 4
H=Y dpi—L
i

and therefore, replacing generalised velocities with the momenta,

1
(ii) : H = ml*60 — L = 72ml2pg+mgl6’2
(i) : H = mr00 +mit — L = opi 4 5 + V(1)
(e) Using
Di = _oH and ¢ +8H
Z 9qi ' Opi
we have
(@):p =0 and & = 2
- m
.. . ; Po
(1) = Po mg an o
2
I o
(131) : pr = o and 7 = o
pg = 0 and 0 = LOQ.
mr

(f) In (i), the momentum is conserved, component-by-component,
i.e. p=0, and in (iii) the angular momentum py is conserved.

7. Conserved energy from Hamilton function
Show that the energy is conserved of a system described by a classical
Hamilton function without explicit time dependence.

Solution

Hamilton equations of motion:

. 0H . 9H
qZ - 8]?1 9 p’L - 8(]1 )

if L is not explicitly dependent on ¢.

oL . oL, dL_< aL), OL . dL

0= —OiL = e B
t o 9! @
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_ o (9L 9L, 0L, dL _d (OL.
= 9\ 8¢ T8¢ 9T ar ~ ar \ g

d (oL
_ A P
dt(@ch +V)’

where Lagrange E.0.M. and L = T — V have been used with T" and
V are the kinetic and potential energy. Using Euler’s theorem for
homogeneous functions,

oL
9L —or
ag 7

if the kinetic energy is a quadratic function of generalised velocities ¢
(which is usually the case), and if the potential does - as usual - only
depend on generalised coordinates.

This shows that

d(T+V)_@_O
dt Codt

Alternatively:

AH _9Hdp  OHdg  OH
dt  9pdt  Oqdt Ot
=4qp —pq + ot (using Hamilton’s equations)
OH

ot
=0 if H not explicitly dependent on t.

8. Quantum Mechanical Harmonic Oscillator

(a)

Starting with the Lagrange function

.2 2.2
mi
L= — )
2 2
calculate the conjugate momenta and show that the Hamilton

function reads

1 mw?
H=_—p*+ 2 42,
om? T3 ¥

Promote the Hamilton function to the Hamilton operator of Eq. (51)
and use the commutation relation of the position and momentum
operator to show that the commutator relations

la, a) = [aT, a'] =0
6, al]=1.

of Eq. (54) hold true, where the creation and annihilation oper-
ators are defined through Eq. (53).
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(¢) Re-express the Hamilton operator first through the creation and
annihilation operators and then through the number operator.
Evaluate the commutators [N, a] and [N, af].

(d) Use the fact that a|0) = 0 to calculate the wave function of the
ground state in position space, i.e.

Yo(z) = (]0)

To do so, you have to express the annihilation operator in position
space and suitably transform (x|a|0).

(e) Speculate about the spectrum of the fermionic quantum har-
monic oscillator, given by the same Hamiltonian, but where the
creation and annihilation operators a' and ¢ anti-commute:

{a,a'y = aaf+afa=1
{a,a} = {a',a’} =0
Solution
(a) Momentum
oL ,
= — = mx
P= i

N 1
o= gty
With
i = ™ (30 s
2 mw
gt fme (i
- 2 mw
we find
o mw ¢ . IR
[CL,CL]: 2W<[x7p]+[pax]> =0
A mw ¢ R o
[a,a]:—zm([a:,p]+[p,m]> =0
] = - L (ag-pa) =-1i(2ws
[a,a 5 o | [ Pl = [, 2] 5 (22 7]
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()

Express p and & through @ and a' as

=+ (1)
T =+ — (a+a
2mw

and therefore

Commutators:
[N, a] =alaa—aa'a =a'aa—a'aa—[a, alla = —a
N, al] =ataat —afata =alaa —afaal + [a, aflat = +af

Transform the annihilation relation into z-space as
mw 1
0 = 0) = /— t+ —p]|0
i = 2 e+ )
- [ Gl mmn)l ) o)

Realising that the first bracket projects out the eigenvalues of the
position operator,

A~

(z| & |2") = 6(z — 2z,

and transforms into a derivative w.r.t. x for the momentum op-
erator,

—i0

O

and that the second bracket is nothing but the ground-state wave
function in position space, we find that

mw /1 0
0= 7 (ac—l— W@l‘) ’lﬂo(l’),

which has the solution

(x|p ‘l’l> =0z —2a)

mwa]

2

(#0) =0 ~ exp |-
Excited states can be obtained in a similar way, by realising that

Oi(z) = (z[]1) = (z]af|o)... .
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(e) Writing, in full analogy, the Hamiltonian as

ﬁ:w<N—;> :w<[ﬂd—;>
will lead to the same ground state,
al0) =0 — FEyp=-w/2
Repeatedly applying the creation operator a! will result in
1) = a'(o)
but because of
afat = % {a*, a*} —0

the application of creation operator on the first excited state will
annihilate it:

al|1) = afaf|o) =0

and therefore the fermionic harmonic oscillator has only
two states with energies Ey; = Fw/2.
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3 Classical Fields

In this section we re-derive the Lagrange functions for classical fields. For a
more exhaustive explanation of how to make the transition from a discrete to
a continuous system, chapter 13 of Goldstein [9] may be helpful. There, you
will also find a good derivation of the Euler-Lagrange Equations of Motion
for fields. If you are mainly interested in using the formalism in the context
of the course, you may want to consult Sec. 2.2 of Peskin & Schroder [1].

3.1 One-Dimensional Lattice

Setup Consider a system of massive particles with identical mass m, ar-
ranged in a one-dimensional lattice with positions &;, and with their motion
confined along the lattice direction. The kinetic energy of the system is
given by

T2 E0 (67)

Coupling the particles with springs with constants k yields the potential
energy

V=13 6 - &) (69
and the Lagrange function
L= 3 [mé) ~ k(G - &)

. 2
XSS m(éét)) i (BaS@Y

where a is the equilibrium separation between the particles.

Euler-Lagrange E.o.M. To arrive at the E.o.M. for a specific n; we have
to take into account that for the same index ¢ the displacement 7; shows up
twice in the sum over the differences, and therefore

0 :maz;g) ka2 <§z’+1(tlz— Git)  &(t) ;?—1(75))
—u [Mé(t) vy (§i+1(t22— Git)  &(t) _czfi_l(w)] (70)

where the second line was obtained after factoring out one power of a, and
by identifying ;1 = m/a as the mass density per unit length, and Y = ka as
Young’s modulus of the continuous rod.
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Continuum Limit Going from discrete lattice distances to a continuum
can be understood as replacing the index i with a position z, & (t) — &(z, t),
and by taking the limit ¢ — 0 for the lattice spacing. The ¢ differences
become

lim éi—i—l(t) — gl(t) — lim §($ +a, t) — 5(1‘, t) — 85(95, t)

a—0 a a—0 a ox

(71)
Summation over ¢ translates into an integral over x,

az — dz (72)

and the discrete Lagrange function of Eq. (69) turns into the Lagrangian

L= ;/dx [Méz -Y (gi)] (73)

for the continuous rod; from now on we suppress the arguments of the &.
Going back to the equation of motion, Eq. (69), and taking a closer look at
the second term in the limit of vanishing spacing a

§iv1 —& & — &1 §(x+a)—&(x) &x)—&(xz—a)
( )= | )

a? a? a? a?
a0 1 O (z + a)/0x — 0&(x) /0  D*¢(w)
a—0 a T ox2
(74)

it is clear that this is a second derivative, and the E.o.M. for the continuous
elastic rod therefore is given by

2
rEy

o2
Mo

=0, (75)

with longitudinal waves as solution.

Lagrange Density The previous considerations suggest that it is sensible
to introduce a Lagrange density

_p (96 Y (96N
L(&, 06/0t, O&/ot, x, t) = 5 <6t> D) <6x> (76)

which becomes the Lagrange function through integration over the (one-
dimensional) space,

L= / dz (€, D¢ /t, 0¢ Oz, x, 1) (77)
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and the action S, as usual, by integrating the Lagrange function over time,

t1 1

S(to, 1) = /dt/dxﬁ. (78)

to xo

In the rest of the lecture course we will assume that Lagrange densities
depend on fields and their derivatives only and do not explicitly depend on

position or time, i.e.
¢ 0
(5, % ;) : (79)

Euler-Lagrange E.o.M. To arrive at the Euler-Lagrange equations of
motion we will proceed as before, by minimising the action with respect to
virtual variations of the fields £ and their derivatives,

{(I‘, t) - gl(x7 t) = f(.%‘, t) + O‘C(xv t)
(z, t) o' (z,t)  0(x, t) ¢(, t)

a o T T (80)
dele,t) | 08w _ oenn) | ()

Ox Ox N Ox oxr

Here « is a parameter that steers the size of the variation, while ((z, t) rep-
resents an arbitrary function which vanishes at the endpoints of the integral,
i.e. at times tg and t;. Minimising the action with respect to the variations
is achieved by

dS // oLoc | oc (%) ac o(5) s

9€ da 3(%) da +8(§§) da

Because the variation vanishes at the endpoints, integration by parts allows
us to replace the last two terms by

t t t
/dt oL o (o _/dt oL 90 _ [0 L B¢

a(@) da \ Ot ) a(@) ot dar aw(g) dox
to ot to ot to ot

Foooc o foe\ [, oL oo [ 0 oL o
/dxmm (0:)- /d‘”a(gg)axaa ~ ) Morg(yon

zo zo Zo

to o

Putting it all together results in

t1 x1
o oL 0 0L o 0L
OE/dt/d:c 9 _Z 9% 9 (83)
/ da | 0& ata<%> axa(%)
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and, finally, the equations of motion

0 oL 0 oL oL

This of course is relatively straightforward to extend to the case of two or
three spatial dimensions, by essentially replacing the derivative w.r.t. x with
a gradient, 9/0x — V, and by replacing the one-dimensional integral over
z with an integral over full space, [dz — [d3z.

Lorentz-Invariant Formulation The treatment of the fields in the La-
grange formalism until now has not been Lorentz-invariant, and we are going
to rectify this now. The first thing to note is that in a Lorentz-invariant
framework, the integration should not distinguish between time and space,

suggesting to move
t1 Z3 x‘f
/ dt / Bz — / dz. (85)
to Zy l‘g

A simple calculation will show that the integral over the space-time volume
is boost and hence Lorentz-invariant. In a similar way, the two derivative
terms in the Lagrange density in Eq. (79) will be amalgamated such that
the Lorentz-invariant Lagrange density is given by

L=L(& 9u8) - (86)

There is one big caveat, however. This Lagrange density must be a Lorentz-
scalar; pictorially speaking, all indices must be contracted. This implies that
terms of the type 0, must come at least in squares, like, e.g. (9,£)(0"¢)
such that the two Lorentz-indices are contracted off.

To obtain Euler-Lagrange equations of motion from the action

5= / Ao £ (€, 0,6) (87)

steps similar to the one before will be necessary. In particular, we will now
demand that the virtual variations of the field vanish on the surface of the
d*z-integration, leading to

A4S [, [ocoe oL 8(0,8)
= [ [t ae o
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" o (oc Yo oL ot
— [ dr 1= (= —= o | 0y=———-—11 . 88
[ =% (% -oam9) v Comgae) |-
o
The last term is a four-dimensional volume integral over a four-dimensional

divergence, which vanishes with the vanishing virtual variations of the fields,
and we are left with the Euler-Lagrange E.o.M. for relativistic fields

oL oL

b D08 0E (89)

3.2 Scalar Fields: Real Scalars

Know Thy Equation of Motion! The desired equations of motion are
a good starting point to construct Lagrange densities for realistic and physi-
cally relevant examples of relativistic field theories. We will first consider the
probably simplest case of a free real scalar field ¢(x), i.e. a field that does
not interact with other fields or with an external potential >. To see how
this works, let us start with the well-known Schrodinger equation, where
the starting point is the kinetic energy, given by E = p?/2m. Substituting
derivatives for energy and momentum, E — id; and p — —iV or pj — —10;,
we arrive at the E.o.M., a

.0 102
ii9) + 5 5,20(0) =0, (90)

In the same vein, we start with the relativistic energy-momentum relation,
E? = B2 +m? and find the Klein-Gordon Equation

82
(5~ + ) o) = @0" 4w o) = 0. (o)

Solutions to the Klein-Gordon Equation The solution to the Klein-
Gordon Equation, Eq. (91) for a fixed momentum is given by

¢(z) = a(k)e™ ™ + a*(k) ™, (92)

where a(k) and a*(k) are the (complex) amplitudes for the plane-wave so-
lution for a fixed wave four-vector k, which satisfies the implicit “on-shell”
condition k% = k2 — k* = m2. Of course, we could also sum over many such
waves and we arrive at

3 . .
$(z) = / (27;3(’;%) [a(@ ehT 4 ¥ (k) eh ) (93)

®Note that application of external potentials would introduce an explicit dependence
of the Lagrange density on the space-time coordinates x.
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A few comments are in order here:

1. In Eq. (142) we have directly used the continuum limit. This neces-
sitates the integration over all momenta instead of a summation over
a discrete set of eigenvalues for the momentum. The latter would be
the case for example when second quantising on a lattice with lattice
spacing a, where the eigenvalues for the momentum are discrete and
behave like k, = n/a.

2. The measure of integration, that sums over the different wave vector,
should better be Lorentz-invariant. It is not trivial to see immedi-
ately that d3k/(2ko) fulfils this criterion. To realise that this is indeed
the case, let us start with a manifestly Lorentz-invariant integration
measure,

4
/ (;7:;4(27r)5(k2—m2)@(7€0) -/ (2137:;3 [dAkod (k§ — k* — m?)@ (ko))

o2 [mew)

d3k
- / (@n)3(2ko) 54

where the d*k obviously is a boost and rotation-invariant quantity, the
factor §(k? — m?) encodes the (Lorentz-invariant) relativistic energy-
momentum relation necessary to ensure that the quanta behave in a
physically sensible way, and ©(kg) projects on positive-energy solu-
tions. In performing the kg-integration we have used a property of the
é-function, namely

(5(1‘—3}2)
wifay= Y de-w) o
/ xi: f(2:)=0 f(xz)

which replaces the integral over the J-function of a function f(z) with
an integral over a sum of its zeroes x; (given by f(x;) = 0), normalised
by the first derivative of the function at the zero.

Klein-Gordon Lagrange Density It is simple to show that this equation
of motion, c¢f. Eq. (91), can be obtained from the Lagrange density

2

L0, 0) = 5(0u0)(09) — 2-6*. (96)

Note that, wherever the dependence is self-evident, we will ignore the ar-
guments of the fields from now on. To see this, let us plug this Lagrange
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density into Eq. (89), with the obvious replacement £ — ¢.

0_p 0L 0L
~M0(0,0) 09
O[1(0,0)(0"9)] O™ ¢?)
:au 2 8(8M¢) - §¢ ) (97)

where we have replaced the Lagrange density in the first line with the rel-
evant parts of Eq. (96) in the second one. The first expression looks a bit
tricky and, naively, it seems as if derivation w.r.t. 9,¢ would only deliver
%8’% — this however is wrong, and it is easy to see why. Rewriting this part
component by component we would arrive at terms like

) 2
1006 _, 100 29 (98)
20t 9¢ 20t 02
and similar for the spatial components. Another way to see this is to rewrite
the Lorentz-scalar of the derivatives with other indices — replacing the u’s
with v’s in the Lagrangian (it doesn’t matter, they get contracted anyway,
so I can sum over pu’s, v’s or any other symbol I chose as Lorentz index)

0 P 0 g7
s 3@ 000 =50 | @.000)
9 [ 000 00,0
-5 [eosae + 09gg]
= (@)t + 0,000 =06 (99)

Taking into account of this insight, we ultimately arrive at
0= 0,0"¢ +m?¢p, (100)

as requested.

3.3 Scalar Fields: Complex Scalars

Two Real Scalars = One Complex Scalar Consider now two such free
real scalar fields, ¢1 and ¢2. The Lagrange density reads

2
5 ,u(lsz z ki (b? (101)

M:a

=1

If both masses are equal, m; = mg, the two real fields can be re-arranged
into one complex one,

D1 + i
V2

1 — ip2

¢ = \/§ )

and ¢* = (102)
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or

o+ ~i(¢ — ")

and = . 103
¢1 7 b2 7 (103)

The Lagrange density for the free complex scalar field then becomes
£ = (0,67)(0"6) — m*6*s. (104)

It is important to stress here that while the fields ¢ and ¢* are connected
through complex conjugation, they still encode two independent degrees
of freedom and therefore must be treated as independent quantities when
analysing the structure of the Lagrange density, or deriving E.0.M..

Equations of Motion The E.o.M. are obtained in the now familiar fash-
ion as

oL oL
0= 5@ T ae OO
oL oL

0=20

_ 2
“m%w)_a@—aﬁ%+m¢~ (105)

Note that, as we have two independent degrees of freedom (the two fields),
we have two E.o.M., obtained by differentiating the Lagrangian with respect
to each of the two fields.

A Simple Symmetry Inspection of the Lagrangian of Eq. (104) reveals
an interesting invariance under rotations. Transforming the fields as

¢ — ¢ =exp(if)g, ¢" — ¢ = exp(—if)¢" (106)
with a constant angle 6, we have
Lo L= (0u0)(0"0) — w26
= (9N (?)] — mP (e 9N (o) = L. (107)
Clearly, the Lagrangian and therefore the action are invariant under this set

of transformations.

Conserved Current However, let us for a moment look at this from a
different perspective, and demand invariance, by setting

0 =4S

oL oL oL oL
= [d* |—=5 =5 5 *
/ v [a@@ (0ud) + 5590 F 53,5 %9") + 3

5¢*| (108)
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Realising that, for example,

sp=0¢'—¢=(—1)¢p = 0.(6¢)=5(0u0) (109)

and using the by now familiar trick of integrating by parts, we arrive at

) oL o [OL oL
”5= /dx{m’[ 3% ]~ [ e

. oL oL
90, s 5o } ' o

The first line of the result above equals 0, by virtue of the E.o.M. for both
¢ and ¢*, and in order for the second line to integrate to 0 we must have
oL oL
0 = 3u |: - o —
9(0u0*) 00,9

This implies the existence of a conserved current, i.e.

o] a0 - @o9] . )

Ot = (112)

with the current obtained from the equation above

= [¢*(au¢) - <aﬂ¢*>¢] = il (113)

Here, we have introduced the compact shorthand notation

a b= {a (9) — (aﬂa)b] . (114)

Conserved Charge The current from Eq. (113) implies the existence
of a conserved charge @ with d@Q/dt = 0, constructed by integrating the
temporal component over three-dimensional space,

Q = /d3xj0. (115)

In the case of complex scalars this means that

5 1
2 dt/d [ (016) — (816" ]
dj
= /d%at = /d3 V-j=0 (116)

for the three-current vanishing because the fields are assumed to vanish for
|z| — oo. Here, we have used the fact that the current is conserved,

Ouj* =0ij' =V -j=0 — 0" —-V-j.. (117)
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3.4 Vector Fields: Maxwell’s Equations

A Little Game of Symmetry Assume you want to introduce two differ-
ent three-vector fields. From a (classical) symmetry point of view, they can
be distinguished through parity, i.e. one of them is parity-odd — a “proper”
vector — while the other one is parity-even — an axial-vector. We call the
parity odd fields (or 17 in spin-parity notation) E, and the parity even ones
(or 17) B. Now let us assume that you only want to allow first derivatives
of the fields, d; and V and scalar and pseudo-scalar charge densities pg, g
and corresponding currents j EB Then you can sort resulting quantities by
spin and parity as in Table 3. 7

name b allowed terms
scalars 0t V- E, pp
pseudo-scalars | 0~ V- B, pB
vectors 1- 0B,V x B, lE
axial-vectors 1~ V x E, 0B, J B

Table 3: Terms in Maxwell’s equations, by spin and parity

Symmetry to Dynamics Each of the four rows in Tab. 3 collects possi-
ble terms in one of the four equations defining the system, and this is where
we will introduce data to the game. First of all we identify £ and B with
electric and magnetic fields, respectively. Then we realise that to date no
magnetic monopoles have been found, and therefore there is no magnetic
charge density of current, pp = 0 and j , = 0. Adding lastly that electrody-
namics is a theory of light, and thereby fixing prefactors and signs we arrive
at Maxwell’s equations

AR dmpp V-
VxB-OE = 4rj, VXE+9B = 0

&=
I
o
I
o

(118)

Note that we absorbed the usual factors of ¢y and g into the definition of
the charge and current, and we have used natural units with ¢ = 1.
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The Vector Potential The left column in Eq.(118) suggest to use a scalar
potential ®, which we denote as A°, and a vector potential A and write

E=-VA" - 9,A and B=V xA. (119)

Of course this now forms a four-vector potential A = (A", A), and we will
continue the analysis of electrodynamics mainly based on this object.

Gauge Transformation and Gauge Invariance One of the first bene-
fits of introducing the vector potential is that it is relatively easy to formulate
gauge transformations. To this end we introduce an arbitrary scalar gauge
function, A(z), under which A(z) transforms as ©

(AF s A= AP 9N (120)

and therefore

E—E = —-V(A"—08"A) —9,(4

+V-A)=-VA" - 9,A=E
BB =Vx(A+V-A)=VxA

B, (121)

where we have used that rot-grad of a scalar function vanishes. This suggest
that it would be beneficial to express the theory in terms of gauge invariant
quantities made from A*, to directly encode this symmetry.

The Field-Strength Tensor One such gauge-invariant quantity is the
anti-symmetric field-strength tensor

0 —-E, —-E, —E.
E 0 -B, B
HY _ Qp AV _ QY AR — T z Y
F oFAY — YA E, B. 0 _B, (122)
E. -B, B, 0
and another such tensor is its dual,
0 -B, -By, —B,
- 1 B 0 E, -E
WY _ T _pvop — T z
F 5€ Fyo B, ~E. 0 B, (123)
B, E, —-E, 0

They allows to express the inhomogeneous and homogeneous Maxwell’s
equations, i.e. the left and right column of Eq. (118), as

O F" = 4mj¥ and 9,F" =0.

SRemember that O* = (0, =V)!

(124)
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Lagrange Density in Terms of the Fields There are various ways
to express the Lagrange density; a version probably familiar from previous
lectures expresses it through the electric and magnetic fields and reads

E? — B? .

The E.o.M. are obtained in terms of the potential ¢ and A, using the fact
that the electromagnetic fields are expressed through their derivatives. This
also fixes the two homogeneous Maxwell equations, i.e. the right column of
Esq. (118). This also implies that we are left with the task to check if the
Lagrange density above yields the correct inhomogenous equations — the left
column of Eq. (118).

For example, for ¢ we have:

oL
% = —p
9(06/0ms) — dr 0(0g)oy) . dm’ (126)
where
OE),
s/~ ! 12
0(0¢/0xy,) (127)

follows directly from Eq. (121). Assembling all parts, and making the sum-
mation over repeated indices explicit therefore yields Gauss’ law,

0 oL oL V- E
Z{am/a)] R R

Similarly, for an arbitrary component of A, A; we find

oL
DA, = Ji
oc _E; 0B, K
D(0A;/0t) — Am 0(0A;/ot) —  Ax
oL B, 0B, By
0(0A;/0z;)  4m 0(0A;Jox;)  Fax
oL B, 0B, B;
8(0A;ozy) Z;a(aAi/]axk) = ik, (129)

where Eq. (121) has again been used, noting that, expressed in component
notation

B =V x A — Bk = EijkaiAj . (130)
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specialising ¢ = 1 we are left with Ampere’s law,

1 (0Bs 0By 1 0E, .
e e ) 131
An <ax2 83:3) i oot T (131)
or, in vector form,
oF
B— — =Adnj. 132
VxB =g =dnj (132)

Lagrange Density in Terms of the Field Strength Tensor One ob-
vious short-coming of the form of the The Lagrange density in Eq. (125) is
that it is not manifestly gauge-invariant. This can be overcome by recon-
structing a Lagrange density not in terms of the electromagnetic fields but
rather in terms of the field strength tensor. Rearranging factors of 47 and
introducing an overall sign we arrive at

1
L= F"Fy —4dmjt Ay (133)

For the “source” term j*A,,, which couples the potentials to charge and cur-
rent densities, we have assumed the so-called “minimal coupling”, typically
of the form source - fields, in a Lorentz-invariant way. This form also fixes
the gauge transformation of the four-vector current j#. The (E? — B?)-term
is replaced by a product of field-strength tensors, by realising that

FMF,, = —F""F,,

0O -k, —-E, —LE, 0O -k, —-E, —L,
Ty E, 0 -B, By E, 0 B, -B,
E, B, 0 —-B, E, —-B, 0 B,
 \ E. -B, B; 0 E, B, -B; 0
[/ —FE? ° ° °
Ty ° —Eg + Bz + Bg . °
° ° —Eg + Bz + Bg °
[\ e . . —E} + B} + B;
— 2(E2 BQ)

(134)

3.5 Hamiltonian Formulation

Hamilton Density In analogy to the case of point particles, momenta m;
conjugate to the fields ¢; are defined through

T 0(0)

(135)
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and a Hamilton density is constructed as

H=>> mdbi—L. (136)

The Hamilton function reads
H= /d?’:c?-[(qbi, ) = /d% <;§¢i —£> . (137)

Equations of Motion Similarly to the case of point particles, the Hamil-
ton E.o.M. read

OH . OH
= —m; and =
8712-

Ob;

Bi- (138)
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3.6 Problems & Solutions

1. General Solutions for the Klein-Gordon Equation
Consider a real scalar field, given by thr Klein-Gordon Lagrangian,
Eq. (96).
(a) Proof that the solutions to its Equation of Motion, Eq. (91), are
given by the expression in Eq. (93).

(b) Calculate the Hamiltonian and momentum for a free scalar field
using their definitions,
1

5 [ @0 + () + mie?

P - - / & [(9:6)(TH)] -

H

Solution

(a) Inserting the solution for the Klein-Gordon equation from Eq. (93)
into the E.o.M. yields

3 ' '
= / (2:);;]% [a(k)(D +m?)e ™+ o* (k) (O + m2)elk"”}

= /(2:):?2]4:0(_k2+m2) [a(k)e—ik~z+a*(k)eik~z:|

dsk 2 2 2 —ik-x * ik-x

because of the relativistic energy-momentum relation k3 = k2 +

m2.

(b) Inserting the solutions into the two expressions for the Hamilto-
nian and the momentum results in

H= / &z [(910)° + (Y9)* +m*’]

_ 1 /dsx ¢k d
2 (2m)32kq (27)32q0

a(k)a(g)e” BT [kogo — k - g +m?]

+a(k)a*(q)e "D [kogo — k - ¢ + m?]

+a*(k)a(q)e " D [kogo — k - g + m?]
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I~
||

+ a*(k)a*(g)e-i-i(k-‘rq).x [_kOQO k- q+ mQ]}

1 / Bk dig
2 ) (2m)32ko (27)32qo

a(k)a(q)(2m)* 5% (k + g)e~"FoF 070 [—koqy — k - g + m?]

+a(k)a* (q)(2m)%6° (k — g)e™ "0 [koqy + k - g +m?]

+a”(k)a(g) (2m)°6% (k — g)e TR0 [kogo + k - g + m”]

+ a*(k)a*(g)@F)SéS(E+g>e+i(ko+qo)xo [—kOQO —k- Q+ mQ]}
1/ d3k
2 | @n)3(2ko)?

G(E)a(—k)e_i(ko+ko)xo [—kg +E2 _|_m2]

+ (I(E)(L*(E)e_i(ko_ko)zo [k?(% +E2 + m2]

+ a*(h)a(k)e+i(kofko)xo [kg +E2 + m2]

+ a*(@)a*(—k)eﬂ(kﬁko)wo [_k,g +E2 + mQ]}

3
;/M2k3 a(k)a*(k)-l-a(k)a*(k)}

&3k .
/ @) (2hy) 0B (E)

/ A3z [(8;0) (V)]

3 3
/d3m 4k g
2 32k’0 27 32(]0

a(k)a(g)e "0 (kog) + a(k)a* (g)e ™" =" (~kog)

+ a* (E)a(g)e+i(qu)-x (—kog) + a* (E)a* (q>e+i(k+q)-x(k0g) }

B / ¢k dq
(2m)32ko (27)32q0 2

a(k)a(q)(2m)*6° (k + g~ "otz
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— a(ﬁ)a*(g)(Q,ﬂ)S(s?:(E o q)e—i(ko—qo)xo

—a* (E)a(g)(QW)3(53(E _ g)6+i(k0—q0)x0
+a*(k)a*(q)(2m) 0% (k + Q)e+i<ko+qo>wo}
d3k
= =5 kok
/ (2m)3(2kq)? “{
a(k)a(-&)e*i(lﬂo+ko)xo +a(k)a* (E)e*i(kO*kO)xo

+a” (k)a(k)e RomRowo 4 a*(k)a*<—k)e+z‘<k0+ko>xo}

3
:./cmgémphﬁ{@%MW@+ﬂ%mmm}

3
:L/@;g%kamw@>

where the terms proportional to ka(k)a(—k) and ka*(k)a*(—k)
vanish due to the symmetry of the integration.

2. *Klein-Gordon Equation in Two-Component Form
Introduce a two-component form of the real scalar (Klein-Gordon) field
as x = (x4, x-)", where

(a)

1 i 0¢
=—lo+——|.
X735 <¢ m at)

Rewrite the Klein-Gordon E.o.M. in the Schrédinger form, i.e.
as 9

ox

A g

ot X
and construct the Hamiltonian as a 2 x 2 matrix. Solve the energy
eigenvalue equation Hy = E.

Counsider the non-relativistic limit where the solution of the E.o.M.
has the form '
X(t) = e ™y (0)

for the time-evolution of the fields and where T is the kinetic
energy. What does this imply for the relative sizes of x4 and y_7
Expand the product Ty (0) to second order in 7" and deduce the
first relativistic correction to the Hamiltonian.
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Solution

(a) The trick is to construct a Hamiltonian which makes sure that
unwtend terms such as single derivatives of ¢ w.r.t time vanish.

So, looking at

0x _ i ((0d+i/moie\ _
ot 2\ dp—i/mazy )~ X

we realise that the Hamitonian must assume the form
\v 11 1 0
H__2m<—1 —1>+m(0 —1>

because then

_ (N m( b+i/mdg
Hx = _2m< —¢ > ) < —¢ +i/mdy )
22 m 7 1 1
- o 50 §3t¢ - 55@ - %at ¢
\v& m ) @ 1
+%¢ - EQS + 5&5@5 28t¢ + 2m8t¢

This gives rise to two two identical equations, namely the Klein-
Gordon E.o.M.,
Ot — Y2 +m?¢ =0.

To solve them, let us look again at the Hamiltonian, given by

\v& 11 1 0
H= _2m<—1 —1>+m(0 -1
v2 v?2 p? p?
B —5,;, tm —55 _ o T M 5
N V2 v2 N p? p?
m om — M “om  Taom M

in momentum space and solve the equation Hxy = Eyx. The

energy eigenvalues are given by Ei = &, /p? + m?2, as expected.

(b) From i0/0;x(t) = Hx(t) we find that

2 2
X+ (1) 5 tm X+(t)
(m + T) = V2 V2
X—(t) 2w M x-(#)
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and therefore

v? v?
(m+T)x+ = <2mm>><+ - gX-

v? v?
(m+T)x- = <2m—m>x + 5o X+

From the equation for y_ we see that we can approximate

v? v?
om@m+ 1) — V2 T dm?

X—=X+-

in the non-relativistic limit where m > T, V?2/(2m). This sug-
gests that y_ is the smaller of the two components. Using the
approximate result for x_ in the equation for y 4 results in

& &
Txy=—-5— (1 + > X+

2m 4m?

and the first relativistic correction therefore is —V*/(8m?).

3. Euler-Lagrange Equations of Motion
Find the Euler-Lagrange Equations of Motion for the following La-
grangians

(a) real scalar field ¢:

1 m? A
£ = 5(0,0)(0"0) - 50> — S0

(b) “funny” vector field A,
m? A 9
L=—(0,A")(0,A") + TAMAN + 5((9“14“) ;
(¢) massive vector field A*:

1 m?
= *ZFMVF'MV + TA,U,A# ;

L
(d) complex scalar fields ¢ and ¢* plus the electromagnetic A*:
]- * . * . %

L= =7 Fu ™ + (040" +ieAy¢") (9ud — ieAud) — m?¢*¢;

where in all cases

Fu = 8,4, — 0,A,.

49



Solution

Before starting to derive E.o.M.’s let us first look at some relevant
derivatives that appear more than once:

OF,,  0(0,A, — 0,A,)

= — PO _ PO
8(8pAU) 5(3,0140) g,ugu gz/gﬂ
and therefore
10F,, F* 1 OF.
il L A T G L AR— o Y A
4 0(9,A5) 2" 8(0,4,) T 2 (9595 — 9897

— —1 po __ op e pU: ap
5 (F FoP) F F
and
OF,, Fr

1
i - _ po _ o _ 909,
1005 9,F"” =[A” —9°(0- A).

(a) We quickly arrive at

A
[D+m2+3'] ¢ =0.

(b) There are three terms to evaluate:

1 0(m2A?) B 2 4p
3 04, -~ ™A
NO@- A2 .
apgm = )\guapg (6 . A) = )\8 (8 . A)
O[—(0,A”) (0, AP)] B L\ 0(0, A) uy 000, AY)
O BB, 4s) % |9 55,4, T O 50,4,

= =0, [(0uA")g™ g5 + (3,0, A") g™ g7 ]
= —20,07A% = -207(0- A)
and therefore we arrive at
(A=2)07(0-A) —m?A° =0

(c¢) Previous results mean that we only have to put terms together
and arrive at

Os F7P +m* AP = [gh (0 + m?) — 0,0°1A° = 0.
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(d) Here we have three active fields and arrive at:

(-0 +0,0") A° ie [¢* 0" — g P*] + 2e* P H AV
O+mPep = 2ieAP0,¢ + ied*0,A? — e*A*p*
(O+m?)p* = —2ieAPd,p* —iep*d,AP — 2 A%p* .

4. Massive Vector Field
The Lagrangian of a massive vector field V), is given by
1 v m? "
L = _ZVWV + > V,.V#,
where the field strength tensor V), assumes the usual form
Viw =0V, =0,V .
(a) derive the Euler-Lagrange equations of motion from the Lagrangian.
(b) show that the condition
oVt =0

is a consequence of the equations of motion.

(c) use this condition and construct three linearly independent po-
larisation vectors eE[\) (k) that satisfy this condition, or after Fourier
transformation

k.e'(k)=0.

Solution

(a) For the various derivatives we find

oL — _lvull%
0(0,V5) 2 0(0,V5)
1 1
= —5V"™(9har —abgp) = —5 (VP7 = V) = =V
oL -
v, mV7,
and therefore
0p oL — oc = =0,V —mV? = 0.

2(0,V,) 0V,

(b) Forming the derivative (four-dimensional divergence) of the E.o.M.
of part (a) of the problem yields

05 (0,VFP7 +mV?) = mo-V = 0.
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(¢) Assuming the momentum being oriented along the z-axis, we have

k' = (w, 0,0, k) with w= k%4 m?

and therefore the following three polarisation vectors are orthonor-

mal:
0 0 K
m_ | ! @_ |0 3 _ 1 0
€ 0 , € 1 , € — 0
0 0 —w

5. Electrodynamics with gauge-fixing term
An alternative form for the Lagrange density of the electromagnetic
fields reads

1 1
E == _Z F“VFHV — 5(6HAM)2 — 47TjuAM,
where
Fr = gAY — 9" AF

is the field strength tensor for the vector potential A¥. The additional
term 1/2(0- A)? is also known as “gaug-fixing” term, and in this case
corresponds to the Lorentz gauge. We will come back to this in Section
6 of the notes.

Show that the Euler-Lagange E.o.M. lead directly to a wave equation
of the form

OA" = 0,0" At = 4mjt.

Solution

Using A* as the dynamical variable, the Euler-Lagrang E.o.M. read

oL oc
(VALY AR

Let us first rewrite the product of field strength tensors,

_1 KA _ _1 K AN _ AX pK _
TP Fa = — 5 (4% = 02 4%) (9,A4) — DrA)]

= oo, oA, - P aro s+ 0 oA,
- % [awﬁaﬁAA . 8“AA8,\A4 :
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where in the last step we have used that the first and last term are
identical when swapping A and x in the last term — which is allowed, as
both are just repeated indices summed over from 0 to 3, and similarly
for the second and third term.

Using the fact that
awras)y .,
a(@EAx) — JeIx

we can write

9 = mRA K AN -1 .
A (— F FM) 28 avAu) (0720, 45 - " A0\ A,
0(0% AN 3 0(0:Ay)

= — — A K/
[8 Y o@ram T ot d(0v Am
D(0*A") » O(0xAx)
—8.A ~ A
On A o(ovAr) 0 o(0v Ar)

1 K
-3 [8'“4,\ gf,gp +0"A gagau — 0uAr 909 p = 0"A grgnn

= 0,A, —0,A,
In addition
0 1 K2 | __ K A K
a(0v Ar) [—2(5m4 ) ] = —0:A" gy = —0:A"gu .
Therefore
8"i = 0"0,A, —0A, —0,(0-A) = —OA"
(v Ar) - iy 7 (7 = :
Combining this with
oL .
9An —4mj,

yields the desired result.

. Free Schrodinger field The Lagrangian of the free Schrodinger Field
is given by

L= %(¢*at¢—¢at¢*) - %(W*) (Vo)

(a) write down the equations of motion for the Schrédinger field.

(b) show that the conserved current is given by

P =66, i= 5676 oY),

i.e. show that J,j" =0
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Solution

(a)

"= %6 T Vawe g — A T VY
B oL B oL B oc . 192
- Y@y T Yawey e Tt VY

0uit = Ou(6"6) — LV(¢"To — 6¥o)
— |0'@)+ 0(0)

-5 @) + 672 - (o)) - o]

=g Kat - ;VQ) 4 + Kat " ;v2> ¢*] ,

and both terms vanish under the E.o.M. above.

7. *Equations of Motion with Boundary Conditions
Consider a real scalar field in 1+ 1 (time+space) dimensions, with an
action given by

+L
“+o00 1 m2 5
5= / ) dt_{ dz [2(au¢)(aﬂ¢)—2¢ .

Find the Equation of Motion for the field ¢, and discuss the importance
of the boundary terms.

Solution

The E.o.M. are obtained by minimizing the action, i.e.

oS oS
6(0 —0

0=45==

b0 HE
_ / dat / dz [(0"6)6(0,8) — m?$6¢)
.y

+L
+oo
_ / at / de [(0:6)5(0e0) — (0:0)6(0:6) — m?d69)]
-L
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+L

“+o00
_ / dt / dz [(0:0)01(69) — (020)4(8¢) — m*¢d¢]

A
+L t=+o00 o
= /dx (0:9)do — / dt (87 ¢)6¢
K t=—0o0 B
+00 r=+L +E
_ / a |@0)i0| - / da (926)50
S e=—L
fuf
— [ dt | dem?¢pdo
—00 —L
+L =100 +00 +L
— dz (8,0)8 — [ d dz (O oo
({ O ;4 tbé 7 (O +m?)050,

where we have assumed, as usual, that the variations of the field vanish
for t — +o0, 0¢p(t — +o0, x) = 0.

This leaves us with the equation of motion
(O4+m?)p=0.

This however holds true only either if the (Dirichlet) boundary condi-
tions

0p(t,, z ==+L)=0
or if the (Neumann) boundary conditions
Bp(t,, = +L) =0

are fulfilled. The latter are better suited for the solution of our prob-
lem, since they are formulated as conditions on the field ¢ or its deriva-
tive and not on its — in principle arbitrary — variation .

. Symmetry and Conserved Current
Consider the Lagrangian density for two real scalars ¢1 2 given by

1 m222/\222
£= 5 @@ ) + Qo o] "5 |6t + 8] - |t +f]

e Show that it invariant under the transformation

$1— @] = cosf ¢y —sinh ¢o
o — ¢y = sinf ¢+ cosb ¢o.

e Construct the corresponding conserved current and charge,
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Solution

e To see the invariance of the Lagrangian it suffices to realise

1. that the angle 6 does not depend on space-time, and therefore

Oud o = cos 00,p12 T sin a1,

2. and that the mixed terms o cos@sin 6 vanish in the sum of
squares (9,01)? + (0,95)% and ¢ + ¢, leaving only terms
o (cos? @ + sin? §) = 1 behind.

e To construct the conserved current we use that

& oC
Ju = Zl e 8¢ = 0ud10¢1 + Dupadha

and that to first order in the angle
0p12 = o — P12 =Flp21.

Therefore the current

Ju = 0u01001 + 0202 = 0 (910,02 — p20,01)

is conserved, 9#j, = 0 — easy to see when using the E.o.M. on
the evaluation of 0*j,. The conserved charge is given by

Q= /d?’x(¢1¢2 — d1¢2).

9. *A SU(2) Symmetry
Consider a doublet of conplex scalars

® = ( ¢17 ¢2 )
with dynamics defined by the free Lagrangian
L= (9,0)(8"®) — m?*®T®.

(a) Show that this Lagrangian is invariant under the three-parameter
transformations

P — df = exp [;Gaaa] D,

with the three constant real angles 61 o 3 and where the o, are
the three Pauli matrices,

(01 (0 —i /10
TT= 1 0) 27\ i o) BT\ 100

which enjoy the commutation relation

04, 0j] = i€ijR0%
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Solution

(a) Because the angles are constant, the derivatives do not act on
them, and we only have to evaluate terms of the form

exp [—ZZGUI} exp [—I—Zgbab} = exp [X} [Y} = exp [Z} ,

where Z is given by the Baker—Hausdorff formula as

%2[ Loy ix v+

1
- X, Y

Z:X+Y+ﬂ

X, [X, Y]] -

Making the summation over a and b explicit and using that ol =

04, the commutator is given by

3 3 .
0,0, i€, 0,0
XY= F P ool = Y~ =0,
a,b=1 a,b=1

because we multiply a symmetric tensor with an anti-symmetric
one. This means that we have

if 0y °.if, >, 6,
eyt Dol = Za i
exp[ zaa}exp[—i—Qab}—exp[ 212 bZQ =1.

Therefore, the Lagrangian density is invariant under the SU(2)
symmetry.

10. Energy-Momentum Tensor
The energy-momentum tensor for a Lagrangian given as a function of
a set of fields {¢n} and their first derivatives {0,¢q} is defined as

oL
T = ——— "¢y — g""' L.
9(Oua)
(a) Can you identify the T% component?
(b) Can you identify the T% component?

(c) Using the Euler-Lagrange E.o.M., show that it is a conserved
quantity, i.e.
0,T" = 0.
(d) Show that for the free real scalar field, the energy-momentum
tensor is symmetric, TH = TVH.

(e) Verify that the interpretations of 7% and T% from questions (a)
and (b) are correct for the free electromagentic field.
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Solution

(a)
T = a—.ﬁgz}a—[,:waqsa—ﬁzﬂ,
O¢a
the Hamiltonian or energy density of the system.
(b)
. or . ) ,
TV = =3¢y — %L = 10 ¢0,
00 ba g a0’ ¢a

the components of the three-momentum density of the system.

(c) Direct calculation yields

oL
wyo v o uv
aMT 8,1/, 8(8u¢a) 8 ¢O¢ g ‘C
oL oL
= 0 -0y + 20,00y — OVL
b 30,00) 70 T B0y OO
oL oL
. b + L 9,0" b
b @) L T B0y O
oL oL
A, . R
96n 0 % Bongn O On?
I POV

Opda)  Oa

as demanded.

(d) Direct calculation:

oL
L R e
50,90 ¢ Y

=~ (@)D [0,0)0"0) — ] = T,

as expected. However, there may be more complicated Lagrangians,
where the energy-momentum tensor is not symmetric.

(e) The free field Lagrangian is given by

1

L = 1

1
F,F* = —1(8,JAV — 0,A,) (0" A" — 0V AF).
Energy density: obviously there are no term Ay due to the Sym-
metry of the F*¥, this means in the summing over field compo-
nents we can concentrate on the A;
o, E*-B*  E'+B

R S < _
8AiA, L E 5 5 )

TOO
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the energy density of the field, as expected. This, of course, was
clear from the beginning, since we already explicitly calculated

T = H in (a).
Momentum density: the momenta conjugate to A,, 7, are given
by

_8£_ 7T0:0
TFM_(?A“ S lm o= E

This implies that we only have to look at the spatial components
of A, and

Toj = ElajAl = (E X B)j,

the jth component of the Poynting vector, which encapsulates
the three-momentum density of the fields.

To see that this identification actually holds true, consider 7. It is
given by

8A2 8141 8A1 8A3
01 _ _ = vl B e Ora
1= el = Bl = B <8x1 d2 > . (8933 ad )

3
0 041 0A1 0A;
= Ei—A;j— (Ei=— + Ey—— + F3——
; 8.%'1 < ! 8.21?1 + 5 6.%'2 + 3 81’3 >

5.9 5.9
= Ei—A; —E-VAi =) E—A -V -(AE),
; o0x1 Vi ; ox V- (AE)

where we have used that due to V - E = 0 in the absence of charges,
E-NA =V -(AE)-AIV-E=YV - (A1E).

The last term in our expression for 70!, V- (A1 E), is a total derivative.
This means that, when we integrate over all space, this term will vanish
and we are therefore free to ignore it.
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4 Second Quantisation

At the beginning of this part of the course you may have read the title and
asked yourself: What does second quantisation actually mean? Haven’t we
already quantised the theory? The answer is that in “first quantisation”
we quantised the position and momentum of point particles. This led to
important properties related to our ability to measure them — the uncer-
tainty principle — and to a crucial reassessment of the inner working of the
world around us, replacing Laplace’s demon of deterministic physics with
a determinism of probabilities. So while in this first quantisation we re-
placed the real numbers x and p with operators & and p and constructed
wave functions for the emerging states, in “second quantisation” we quantise
something else, namely the fields. Consequently, x and p become “ordinary”
numbers again, which serve as arguments of the field operators (ﬁ and 7.
This step necessitates the introduction of a new state. While, formally
speaking, the states of Quantum Mechanics constitute a Hilbert space, the
field operators act on objects in a more complicated Fock space, which is not
labelled by eigen-positions or momenta, but by the number of field quanta
of a given momentum. We will, however, not discuss the properties of these
vector spaces in the lecture.

Simply put: while first quantisation quantised the point dynamics of Clas-
sical Mechanics, leading to Quantum Mechanics, second quantisation pro-
duces a Quantum Field Theory.

If you like to do some additional reading, I would recommend to take a closer
look at Chapter 3 of Hatfield’s book [3], in particular sections 3.1-3.4 or at
Sections 2.3-2.4 in Peskin & Schroeder [1].

4.1 A How-To Guide

Process Summary The process of second or field quantisation follows the
logic of the familiar first quantisation programme, with suitably replacing
position and momentum with the field and its conjugate momentum, and by
replacing the ¢’s of the commutators with d-functions of the positions. This
proceeds in a relatively straight-forward “algorithmic” fashion, as outlined
in Fig. 1. The crucial part in it is to demand equal-time commutator rela-
tions between fields and their momenta, which also fixes a Lorentz frame in
which the field quantisation is performed. Obviously, there are other choices
for such a programme, for example a quantisation on the light-cone, which
however is beyond the scope of the lecture here. It is, nevertheless, im-
portant to stress that despite the implicit choice of a Lorentz frame during
quantisation, the resulting theory has the correct causal properties. This
will be shown towards the end of this section.
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How-to: Second Quantisation

. determine conjugate momenta of fields:
™ =0L/d(0p) = L/

. construct Hamiltonian as function of fields ¢ and their mo-
menta
H:/d3x(gﬁﬂ—£>

. promote fields and momenta to operators, ¢ — gZ;, T— 7

. demand equal time commutators of fields and momenta

o) 7t y| = -y

[0(t, 2), ot )] = [7(t ), 7 (t )] = 0

. express fields as linear combination of plane waves and anni-
hilation and creation operators (which will “inherit” com-
mutator relations)

where summation is replaced with integration for continuous
momenta k.

Figure 1: The steps performed during second quantisation
in form of an “algorithm”. Details will be worked out and
highlighted through examples during the course.

4.2 Second Quantisation of the Real Scalar Field

Lagrangian: Fields and Conjugate Momenta Starting with the La-

grangian of Eq. (96),

2
L0u0, 6) = 5(000)(0"0) — 567,

the conjugate momentum reads

== =é. (139)

d¢
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Hamiltonian The Hamilton function therefore is given by

H = / a3z [m's—z} = / d%% [7724— (Vo)* +m?p?| . (140)

Field Operators and Commutators Promoting the field and its con-
jugate momentum to operators, ¢(x) — ¢(z) and w(z) — 7(x), we demand
the equal-time commutators,

(8(t, 2), 7(t )] = i6* (@~ y)

[t ), d(t, p)| = [7(t ). 7(t, )] = 0 (141)

Creation and Annihilation Operators The field and the conjugate
momentum is expressed through creation and annihilation operators as

o) = / (2:)33];k0 @™ + al() et

3 . .
#(z) = / (2:)3’;% {fik:o&(@ e~k T 4 ikoat (k) e”“:} : (142)

where we have obtained the momentum operator through straightforward
calculation of the derivative #(z) = 8;¢(z). Comparing the expression for
the field operator gg(x) in the equation above with the solution to the Klein-
Gordon equation for the classical field ¢(z), Eq. (93), we recognise the same
pattern of an expansion in amplitude factors and plane waves. But while the
amplitude factors for the classical field are merely numbers a(k) and their
complex conjugate a*(k), they become operators for the quantised fields,
and the complex conjugation turns into an Hermitean conjugate’. The in-
terpretation is clear. While for classical fields every value of the amplitude
is allowed, in quantised fields the amplitude is composed by adding finite
quanta. This “amplitude quantisation” is reflected by using creation and
annihilation operators from which the field “inherits” its quantised proper-
ties. We will build on this in the following by expressing the Hamiltonian
through these operators, by creating a number operator, and by analysing
their inherent properties.

Commutators of the Creation and Annihilation Operators To cal-
culate the commutators it is necessary to express, in a first step, the creation
and annihilation operators through the field and conjugate momentum op-
erators. To see how this works, let us first try to combine qg and 7 in such

"As a result the field operator is Hermitean qAﬁ = g?)T, which guarantees that it has real
eigenvalues — as you would expect from a real scalar field.
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a way that the annihilation operator @ drops out. Multiplying, inside the
integral, the expression for ¢ with kg and 7 with ¢ and adding the expression
for 7 we arrive at

) k1 :
Jiodta) 0] = [ gy il

d*k y
= / )y af(k)e "zethoro (143)

which looks suspiciously like the Fourier transform of af times a factor.
Therefore, Fourier-back-transforming yields

/d3xeik.x |:k0¢;(l') —Zﬁ'(I)} _ /d?’xeik'r/ (;17?33 &T(g)e_iﬂ'geikowo

d’q 4 Aty ikow b1 ikox
= [ G = )il (e = e,
(144)

After rearranging and repeating similar steps to extract the annihilation
operator a,

a(k) = / etk [kogfs(:c)ﬂfr(x)}
af(k) = / dBpe~ike [koés(x)—ifr(g;)] . (145)

The equal-time commutators of the creation and annihilation operators can
be readily calculated as

[a(k), a(q)] = / dPaddyehrticy [kocﬁ(x) +ift(2), qod(y) + iﬁ(y)}

= [wsatyer e L [0, 3] - [+, 7))
ity [3(0) 0] +ia [5t). b0}

/d rd3yethaticy {0 — 0 — kod®(z — ) + qo8°(y — x)}

/

P e’ {(QO - k‘o)}

i (ko+g0)zo {(qa _ ko)} (2m)36% (k + q) =0 (146)

because k = —q from the ¢ function implies that k= gz and therefore kg =
qo- Similarly, with the only difference being an ultimately inconsequential
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relative sign in front of both momentum operators and in both exponential
factors,

af(k), af(q)] = 0. (147)
This leaves us with calculating
a0 610 = [ Podye= = rodlo) +in(). wélo) - i5(0)
ABrddyetr—iay {koqo [<Z>( ) é(y)] + [fr(a:), fr(y)]
ik |d(a), #(0)] + a0 #(0). d00)] |

-/
/ 3pd3yett T qu{o 0+ koo (z — )+q053(y—x)}
/

e’ {(kg + qo)}
et (ko—go0)zo {ko + QO)} (27T)353(E — g) = 2k0<27r)353(k - g)
(148)

Putting it all together, we arrive at the following set of commutation rela-
tions between the creation and annihilation operators

[aw), ()] =2ko(2m)*5* (1~ )
a(k), alg)] = [&T(E), d*(q)} = 0. (149)

Hamilton Operator In a next step in our analysis of the theory we ex-
press the Hamilton operator of Eq. (140) through the creation and annihila-
tion operators. A somewhat tricky part are the quadratic terms such as ¢
and similar. For them, we need to use the expansion of Eq. (142) for each
factor, leading to two integrals over three-momenta k and k':

H= /d%1 [er + (yéﬁ)Q + m%ﬁﬂ

/d3 / dSk/
32k0 2m) 32k’

d(k)d(kl) |:—k0k‘6 — @/ + m2:| e—i(k+k’).$

+d(k)€ﬁ (k) [+k0k36kk/ + m2} e~ i k—k)-x
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a3 (bRl + | 04
+al(k)al (i) [—kok{) T m2] . }
_ 1 / Bk 3K
D) (27‘(‘)32]{;0 (27r)32k6

(27)36% (+k + K') e~ Rotko)mo g (kYa (k') | —kokl — kk' + m?

+ (2m)383 (+k — k') e Ro—ko)vo g (k)at (k) | +kokl) 4 kE' + m?

+ (2m)363 (—k + k') e Ro—ko)vo oT (k)a (k') | +kokl) + kE' + m?

k
1 d3k ~ ~ —2ikox 2 2 2
= 5 (7 Q(E)a(_k)e 00 —ko + E +m

+
S
>,
~—~
ES
S~—
>
>,
N
|75
N—
@)
N
ol
o
8
o
\
o>~
(=) N}
+
B
(Y]
+

-1 / (2:;’1’1% { [ng] [a(k)&* (k) +af( )Zk)]}
o ') + ' 0] (150)

where the ¢ functions in the first step emerge from the integral over x and
where we have eliminated the terms aa and a'al by realising that due to
the relativistic energy-momentum relation k% = k? + m2. Therefore, the
Hamilton operator for the real scalar field is given by

~ 3
= % / (2233";;% ko [&Wt*(k) +&*<k><k>] (151)

It suggests that the Quantum Field Theory for a real scalar field can be in-
terpreted as a continuous sum of harmonic oscillators, permeating all space.

Simple States: Ground State and First Excited State Following the
same logic already present in the harmonic oscillator in Quantum Mechanics
we introduce a ground state — the “vacuum” — |0) which is annihilated by
any annihilation operator,

a(k)[0) =0 k. (152)
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States containing fields (or particles) with momenta k; are generated by
repeated application of the corresponding creation operators

CALT(E1)|O> = |E1>
dT(&)&T(EQ) |0> = |E1E2> ceee (153)

Normalisation of States But here’s a new problem. Let us take a look
at the norm of a one-field (one-particle) state |k):

w = 9 = i@ = [den] [fwo]

= (0la(k)a (&)0) —< [a(k)al (k) - a (kak) | o)
= (0]2ko(27)%5 k)| 0) = (0|2ko(2m) 353 (0] 0)
= 2ko(27)%6%(0 ) (154)

where in the second line we have subtracted a 0 — remember that a|0) = 0,
and where in the last step we used our normalisation of the ground state,
(0]0) = 1.

Using that

(2r)35(k) = / Brekt _y (27)35(0) = / E (155)

suggests that the normalisation of the state equals the (infinite) spatial vol-
ume — a veritable divergence. This is actually not a surprising finding, after
all, the uncertainty principle tells you that a particle with completely fixed
momentum has no localisation. Our particle here, with its fixed momentum
represents a plane wave, filling all volume. If the volume is infinite — which it
is for us to have a continuous spectrum — such states have no normalisation.
The solution to this conundrum is to “smear” the state with a modulating
function f(k), and to define

k) — k), = f(k)a'(k) |0) (156)
which will lead to perfectly normalisable states, if
[ @riwp < . (157)

In this respect, states obtained through application of the creation operator
on the vacuum, a'(k)|0) are physically sensible only, if used together with
a test function that smear them out.

A natural question to ask is: in what space to these new states live? The
answer is that they populate a Fock space, which is the sum of all n-particle
Hilbert spaces plus, possibly, some symmetrisation that takes care of the fact
that identical particles are indistinguishable. It also has a meaningful scalar
product, again allowing the definition of a distance, which it “inherits” from
the underlying Hilbert space.
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Ground-State Energy The ground state |0) is an eigenstate of the Hamil-
tonian; calculating its energy Fy we arrive at

<0 ‘; / @S))?’l;koko [am)al (1) + ' (k) ()| ’ 0>
BYS St

1
3 / d3kko03(0) = oo, (158)

Ey = (0| H|0)

the product of the volume in both position and momentum space, infinity
for a Quantum Field Theory in an infinite volume. A simple solution is to
just subtract the ground state energy, by redefining the Hamiltonian as

~

H — H' =H—(0|H|0) . (159)

Normal Ordering Alternatively, we can define normal-ordering of the
operators, indicated by colons around the operators as

a(k)a’ (k): = a' (k)a(k): = al(k)a(k), (160)

and therefore we replace

R R 3
B — = / (Qgszkoko [awat@) +alwamw): oy
and, finally,
R 3
H: = /(2:)3’;%% al(k)a(k) . (162)

This obviously cures the divergence stemming from (0] a(k)a'(k)|0) in the
ground state energy and similar observables. In the remainder of this lecture
we will always assume implicit normal ordering, if not stared otherwise.

4.3 A Little Detour: Causal Structure of the Theory

Commutator of Field Operators To guarantee the correct causal struc-
ture of the theory, we need to convince ourselves that fields in space-like
distances cannot influence each other: they must commute for space-like
distances. To see this, define the commutator of two field operators at arbi-
trary four-positions x and y as

A —y) = [6(2), $v)]

d3k d?’k/ A y
- Q ST | ikt y
/ (27)32k0 (27)32k), {[G(E% a'(k )} e
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+ [0l k), ()] ereitv)

d3k " ,
= _ =) mtk(z—y) ik (z—y)
/ (27)32k0 {e ¢ }

=Ai(z—y) - A_(z—y), (163)

where we have used the commutator relations for the creation and annihi-
lation operators to arrive at two d-functions that allowed us to perform the
K'-integration, and where we have also introduced the two terms Ay (z —y).

Properties of the Commutator The commutator has a number of prop-
erties, which are worthwhile to discuss:

1. it is manifestly Lorentz-invariant, i.e. its value will not change under
Lorentz transformations such as boosts, rotations, or combinations of
both. This is because it is given by a Lorentz-invariant integral over
a function that only depends on scalar products k(z — y).

2. it manifestly encodes micro-causality, as it vanishes for all space-like
distances of « and y. The easiest way to see this is by looking directly
at the first line of the equation above, Eq. (163), where the argument
of the integration depends on [¢(z), ¢(y)]. We know that this commu-
tator vanishes for equal times, cf. Eq. (141). Since for every space-like
distance of four-positions (x — y) a Lorentz-boost can be found that
reduces it to a space-like distance at equal times, (z — y), the commu-
tator vanishes for all space-like distances. Hence, the theory is causal

in the sense that fields at space-like distances are decoupled.

3. direct calculation reveals that A(z — y) is a solution of the Klein-
Gordon equation,

0 = (00, +m?) Az —y)

3
= (80, +m?) / (d’“ [emt e _ gite=)]

27)32kg
3
= [ G @0t e -]
0
3
= [ G, () [ =] e
0

where the term k? — m? in the last line guarantees that the overall
expression vanishes.
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4.4 Second Quantisation of the Complex Scalar Field

Lagrangian and Hamilton and Field Operators Starting with the
Lagrangian of Eq. (104),

L = (0,0")(0"¢) —m*p* s,

the conjugate momenta to the two fields ¢ and ¢* are given by

o . oL :
= —=¢"and ™ = —=9¢ (165)
o o*
and the Hamilton operator density reads
H = &%+ V¢ - Vé+m’d*d, (166)

after promoting fields and momenta to operators. We demand the equal-
time commutation relations

ot a) 7ty = [F"t o). 7t y] = -y  (167)

with all other equal-time commutators vanishing.

Creation and Annihilation Operators The field operators can be ex-
panded, as before, as products of plane waves and creation and annihilation
operators

o = / (27:1 33];k0 @™ + b ]

@ = [ e T _Towee + aiwer] | (68)

As before, momentum operators are obtained through straightforward deriva-
tion with respect to time. Expressing the fields and operators through the
annihilation and creation operators,

a(k) = / Paet [kod(z) + i7" (2)]
() = [ ae ™ [rudta) - i (z)
bk) = / et (kb (2) + i (2)

~

af(k) = / Bre—ike :kgqb*(:z)—ifr(a:): : (169)
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we arrive at commutator relations, for example,
I B
x [kod(t, o) + i7" (¢, 2), Kb (8, ) — i (t, 2]
_ / dPad®a'e e { ik [3(t, o), #(1, 2]
+ ik [ﬁ*(t ), ¢*(t, z’)} }
= / dPawd3a’e TN [ + kp)6% (z — 2)]
_ / Bt iR (k0 1y = ok (20300 (k — k), (170)

where we have used the definition of the § function, as usual. Therefore,

k), a' ()| = [b(k), B ()| = 2hoem?PE-k)| (T

and all other commutators vanishing.

Hamilton and Number Operators The normal-ordered Hamilton op-
erator is given by

A 3 A~ ~
i = / (2;3’;% ko [t (B)a(k) + B (R)b(R)] (172)

and it looks like the Hamilton operator for the sum of two free real scalar
fields. This further fortifies the idea that we are presented by two kinds of
particles — those created and annihilated by & and @, and those created and
annihilated by bt and b, and that the vacuum is annihilated by both a and
b?

a(k)|0) = b(k)|0) = 0. (173)

It is therefore natural to introduce two number operators for the two kinds
of particles,

. 3k R

Na = /%%)GT(I?)G(]{)

A~ 3 A~ A~

N = [ @gg,’;h]bwkw(k). (174)

It is easy to check that they are indeed number operators counting the
number of a and b fields in a given state |¢)). Denoting

VRS  RORR D) = H [t (k)] H B )]0y, (175)

1= 1=
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it is easy to show that
(OB BORRD 0| N [ EOEDED D) = na
(176)

We leave this as part of a problem.

Current and Charge As noted in Sec. 3.3, the Lagrangian for the com-
plex scalar field enjoys invariance under the “gauge transformation”

¢ — ¢ =exp(i)p, ¢ — ¢ =exp(—if)o”,

cf. Eq. (106). This leads to a conserved current given by Eq. (113)
iH— | * (O gy * 5t o
j* =1 |9%(0"¢) — (0"9%)d| = 19" 0",

where we added a factor ¢ to ensure that the current is a real number. This
factor, obviously, does not change the fact that 9,j* = 0. Of course the
current can be promoted to a current operator by replacing the fields with
field operators,

=i . (177)

The spatial integral over the (normal-ordered) time-component of the cur-
rent is the charge, given in operator form by

Q= [ ji= i [ & @) - @)

_/ d*k ., N P
— ) (2m)32k {a (k)a(k) = b'(k)b(k)| = Na— Ny (178)

This suggests that our two particle types a and b have opposite charged with

Gap = 1. (179)

Conserved Charge To show that the charge is conserved, we need to
verify that the charge operator

A~ 3 ~ A ~
G- [ (zgg’g,ﬂ)[ma(k)—b*(k)b(k) —N.- Ny (180

commutes with the Hamiltonian, i.e. [:H:7 :Q:] = 0. This is indeed the case,
and we leave this proof for the problems below.
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4.5 Problems & Solutions
1. States and Operators of the Real Scalar Field

(a) one- and two particle states

i. create one- and two-particle states of particles with momenta
E1,2a k) and |k k)

ii. show that the two-particle state |k;ky) is symmetric, i.e.
|k1ky) = [Eoky ).

(b) calculate the energy of the two-particle state above, i.e.

Ers |kiky) = H |kyks) .

(c¢) show that the number operator N counts the number of quanta:

Nlkiky .. ky) = nlkky . k) (181)

Solution

(a) In real scalar field theory,

k1) = dT(E1)‘O>
|E1E2> = &T(El)‘k2> =&T(E1)&T(Ez)|0> :dT(EQ)&T(ﬁl)\m

The last equality shows the symmetry of the state.
(b) With the (normal-ordered) Hamilton operator given by

= % / (ZTF;.];’(I;]%)[k:o:(&T(k)&(k)erdT(k)(k)) ]

d3k
= | — |koal(k)a(k
/(2@3(21@) CLCLOIR
the energy of the state |k;k,) is given by
Bk, |1 ko) = ]:[‘EIE2>

-1 gi’; (af(0)a(k) ) af (k)a (k)

)

-1 (g;’; ot o). o' (k)] af )

+ a1 () (1)} 0)

_ % / éj:;i)’{dT(k)&T(kz) [(%)35(;6-@)2\/@ }
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+al(al (k) [a(k), a' (k)]

—a' (k)a' (ky)a' (ky)a(k) H 0>
-5 (gi’;; {a*<k>a*<k2> [<2w>35<k—k1>2m }

+al (k)al (k) [(%)35(;{_;@2)%@ } B OH 0>
) ;[2W+2W] 't (k)af (k)| 0)

= (E1+ E2) |kky)

as anticipated.

(c) With the number operator given by

Y LA
N ‘/ @n)(2k) " FIR)

and satisfying the commutator

. 3
8l @) = [ e [ (a0l (@) - (@)l (R)a(h)]

(2ko)
3
= [ G [ B0 w6 - o
+al (hal()a(k) - a' (@a' (k)a(k)|
= al(q)

Nlkiky...k,) = Nal(ky)|ky ... k,)

as anticipated.

. Wave Functional from State Vectors
Show that the wave functional of the field with fixed momentum k

or(z) = (k| o(x)[0)

is a solution of the Klein-gordon Equation.
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Solution

2) = (O -+ m?) (k| $(z) [0)
3
01i(k) | Gy [ o) + 7l (o) ‘ 0>

0 / @g?;qoq k), a'(g)] ‘ 0>

*¢ g 3 3
0 /(%)32%6(] (2m)°2q06°(q¢ — k)| 0

_ (D+m2)eik-x:_k2+m2:07

0= (0+m?)gy

—

= (O+4+m?
= (D+m2)

= (O+4+m?

which vanishes due to the relativistic energy-momentum relation.
3. Two Real Scalar Fields Equal One Complex Scalar Field

(a) write down the Lagrangian two real scalar fields ¢12 of equal
mass and determine their canonical momenta 71 o

construct the Hamiltonian from the fields and their momenta

=

demand suitable commutators for fields and momenta

—
o
~

(d) express the fields in terms of creation and annihilation operators
and determine their commutation relations

(e) introduce the complex scalar fields ¢ and ¢* as linear combi-
nations of ¢1 2, express them through creation and annihilation
operators. Fix the commutators of the creation and annihilation
operators that have not been explicitly calculated so far.

(f) calculate the commutator of the number operators with the cre-
ation and annihilation operators of the two fields, the commuta-
tor between the two number operators and with the charge and
Hamilton operator. Show that the charge is conserved by showing
that indeed [:H:, :Q:] = 0.

Solution

(a) Lagrangian for two fields as sum of two Lagrangians for single
fields

1
5:25 Oudi) (0" ;) — mie?]
=1

assume 1mi; = mso.

_ o _or
a(atqbz) B 8¢2 N
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(b) As usual, Hamiltonian density given by

=3 [rmb] - £= 3L [0 + (o)) + m2e]

=1 =1

(¢c) Commutators in the usual way: field operators and and their
conjugate momentum operators do not commute, everything else
does:

[éz@, t), 7;(y, t)] = i51j53(§ )
[@'(L t), ¢;(y. 75)] = [fi(z, 1), 7y, 1)) =0

(d) Employ the usual plane-wave expansion with factors exp[+ik - ]
and operators:

ba) = | (2w§i33(];k0) [as(kye = + af (ke

3 . .
#i(x) = / (%;(’;ﬁ]) [—ikoai(k)e—m+ik0aj(k)ezkﬂ

and therefore

/ dBpe~ik'z [k()éi(x) + z'fri(x)}

- d3k
— dBpe %k z
/ T 2m)3(2k)

[s(0)e (k4 o) + ] (R)e ™ (0 — o)
A3k . » o
+&j(k)el(kfkl)§+lk0t(k6 o kO)i|
_ dsik [&(k)(Qﬂ)353(k+k/>(k/ +]{7 )e—ikot
) (@2m)3(2k) L k+E)(ko + ko
+&j(k)(2ﬂ-)353(k_ E/)(ké) o ko)eikot}
1

_ ~ ol 1y, —ikht — & (L ikt
- @ [al(k‘)(%o)e o+o} ai(K)eikot |

where we have used that kg = Vk? + m2 = V(=k)?2+m? = k|

and the Fourier transform of the § function,

/d3xeip'x = (2m)*6°(p).
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Multiplying on both sides with et and replacing k' — k yields

ai(k) = / d3geika [koési(x) + ifri(a:)}

Taking the Hermitean conjugate and using that ng = q@z and
T

7, = 7; for real fields implies that

al (k) = / dBge ik [kog?)i(x) - mi(x)}
This allows us to directly calculate the commutators, for example
k). a}(o)]
= [ @tetn [ atye o [foi(o) + o). andy(o) — 75 0)]

— /dSSCeikm /d?)ye—iqy

{—iko {qﬁl(as), ﬁ](y)] +iqo {fn@)v Ggg(y)}}

— /dgmeik'm/dgye_iq'y

{—iko - 16:;6° (x — y) +iqo - (—i)3;50%(y — z) }

- / Bae' =D (kg + g0)di;} = (2m)32k06,;0% (k — q)

where we have used that we discussed equal time communtators,
i.e. zg = yo = t. Commutators of two creation or annihilation
operators will vanish, because in the last line the term (ko + qo)
will become (kg — go) — 0.

(e) Write the two complex fields as linear combinations of the two

real fields:
¢ = \2 (1 +ip2) and ¢* = \2 (1 —ig2) ,
therefore®

T=¢* and 7 =¢.

8Expressing the fields ¢; » through ¢ and ¢*,

L 640 and ¢o=-1

o1 = 5 7

(¢—¢") and

S

yields the Lagrangian
L= (0u0)(9"¢") —m*¢"¢
and the conjugate momenta are given, as before, by m = 8[:/8(13 and 7" = aﬁ/agz'ﬁ*.
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Suitably combining the expansions for ¢; and ¢9 yields

S Bk [an(k) +ias(k) i,
) = [ G [
V2
d3k‘ N —ik-x ~ ik-x
= /(271_)3(2]{:0) [a_,_(k:)e k —{—aT_(k:)ek ]
o 43k a1 (k) — ias (k)
0 = [ | s
af (k) — iah(k)
+%e

= [ rtony i@l wer]

+

—ik-x

where

a1 (k) £ iap(k)
V2

al (k) T iaj (k)

and al (k) =
:I:() \/5

ax (k) =

Using that #; = ¢; and that [¢1, m2] = 0 and similar, the equal-
time commutators read

_ % [qﬁ (2, 8) +idalz, 1), d1(z, ) — ido(z, t)}

= 5 {[@ 07w 0] + [l 0. 220w 0]} = s -y
(. 1), #(5. 1)

_ % [&1(&, t) — ido(z, 1), d1(z, t) + ido(a, t)}

— 3 {Be 0 0]+ [ 01t 0] - e )

— % [&1(&, t) + iég(g, t), Qél(&, t) + 'L.QLSQ(E, t)}
1

= 5 {8 0.7 0] - [faz 0. Rl 0] f =0

and similarly for all commutators of fields with fields and mo-
menta with momenta.
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The non-vanishing commutators of the creation and annihilation
operators read

and similar for all other commutators.

(f) Commutators of number operators (replacing types 1 and 2 with
+),
- d3k t
Ny = | ————al(k)ax(k
-~ | G k0o

with the annihilation and creation operators:

[Na ()] = / (%dg’“) |l (B)a (&), as(q)]

)3(2ko
d3k
= [ |
3
-/ <2w>ds<k2ko> {lak®). ax(o)] ak) }

3
B _/@5”(];/@(2”)353(’“—61)@(%):—@

and

ML) = [ G [, alw)] =l

As the ag) commute with the a

[Ni,d;(q)] = {]\Afi,d;(q)} =0.

g) we also have

Commutator of the number operators:
]
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B / d3k d3q
B (2m)3(2ko) (27)(2q0)

b was®al (@a- (o) - al (@a-(@al k) (k)
= 0,

because the positive charge a4 and di commute with their neg-
ative charge counterparts, as seen above.

This implies that the commutator of Hamilton or Charge operator
with the number operators also vanish. For example, with the
Hamilton operator from Eq. (172):

PR A3k d3q
H N_| = k
L / (2m)32ko (27)%2q0

) + ol Wa-). al (@a (o)

B / ek dq
= ] @r2k 2r)2g0

[ il (B (B! () () — al (@) ()] (B)a (k)

B d3k d3q "

N / (27)32ko (27)%240
| nPm (e - )il 0 o)+l Wal (@i Wa o)
— (21)32¢06° (k — q)al (q)ay. (k) — &l (q)al, (k)ai (q)ay (k)

0] =0,

since [a, a,] = [al, al] = 0.

The same is also true for the commtator [Q, Nx] - the only dif-
ference between H and Q being the exgra factor of energy in the
integration, while, of course, the algebra is identical up to trivial
relative signs. With the Hamilton and Charge operators being
effectively composed of number operators this also proves that
they commute, and, hence, the charge is a conserved quantity of
the theory.

4. Momentum Operator
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The total four-momentum operator of a real scalar field is given by

. d3k P
PH= / 2n)3%k kot (k)a(k) .

(a) Show that P* can be expressed in terms of the field operator ¢(x)
and the conjugate momentum operator 7(x) as

PH= /d3a: 7t ()" (x):
(b) show that
[ﬁﬂ, qB(x)] = —iHd(x).

Solution

(a) Inserting the expansion of the field operator and its conjugate
momentum through plane waves and creation and annihilation
operators we have

“ A3k d3q ’ ’
Dl 3 . : ~ —ik-x ~t ik
pH = /d x (279 2hg (279900 [—zkg (a(k)e —a'(k)e )

igH (—&(g)e_iq'x + dT(g)e"q"”’)} :

(2r%) (27%) 4ao

[Famatg)e ¢ al ()al (@t

ta(k)at (@ ¢ 1 af (B)a(g)e 7

Bg q" 7 . . i
= [ [a-galge ™ + al(—gal g™

A~

+a(g)a'(q) +a'(g)alg) |-

3
g ¢" .

= [ iy 00

The first two terms in the second-to last line vanishes because a(q)

commutes with a(—g), and similarly for the “daggered” operators.

We can therefore replace

—2iqot
g'e Y
[ a0

6—22' ot
= [T a-g)ate) + a@al-g)] |
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showing for each component of ¢ that this is an integration of an
odd function over an even integration space. The same reasoning
holds also true for the daggered operators. Therefore only the
two last terms survive and we have shown that indeed

~ 3 ~
PH: = / (2;3’;]%14“ af(k)a(k) = / Bz ()" (x):

(b) Direct calculation shows that
[P¥, ()]

3 3 A |
= / (27(3)3];]% (27?)3(]2610 kP [duk)d(k)’ d(g)e—zq.az + &T(g)ezq.x]

3 3 .
- / (273)3];k0 (2:)3q2q0"““ {7 [aw). ala)| alw)
+ el gt (k) [&(E), &T(g)”

-/ &ku {metra) + v aln))

3 . . ~
- [ G o et + @)} = —ioti).

as demanded.

5. Causality and anti-commutators (real scalars)
Consider real scalar fields and define

Az —y)=Ar(z—y) + A_(z —y)

(a) show that A; is equal to the vacuum expectation value of the
anti-commutator of the field operators ¢(z) and ¢(y)

Az —y) = (01{d(x), d(y)}|0) = (0l[d(2)d(y) + dy)()]|0)

(b) show that Aj(x — y) does not vanish outside the light-cone, i.e.
that Aq(x —y) # 0 for (x —y)? < 0.

Solution

(a) Remember definitions for Ay, expansion of fields in terms of cre-
ation and annihilation operators and a(k)|0) = 0, then

Ay (z —y) = (0lg(x)(y)|0)
_ / d*k d*F’ o~ ikz+iky <0
) (2m)3(2ko) (27)3(2kp)

81

a(k)a' (k')

)



3 3k! oy . e
= / (27r;i3(k2k0) (2733?%6) ety (o | a(k), a' (1) 0)

= d3k d3k/ e*ikx ik'y - 3 301 1/
B /(27r)3(2k0) (2 (2k) TR (0 |(2m)% (2k0) 8% (k — k)| 0)

3
_ / &k ik
(2m)3(2k0)

In a similar way, we can write

3 .
A_(xz—y) = / Lezk(w—y)

(2m)3(2ko)
_ 43k d3k/ o—ik(y—2) )3 307, 1/
- / k) Era) (01 (k)8 (k — K)[0)
d3k d3k/ ik yike o
- [ e e (o] o atw] o)
= (0¢(y)d(x)|0)

Therefore, as demanded

Ala—y) = Ay (z—y)+A_(z—y) = (0

(b)
d3k ; i
A _ _ _de —ik(z—y) ik(z—y)
1(z —y) /(%)3(2;{;0) (e te )
d3k . ,
To—Yo e —ik(z—y) ik(z—y)
| oy (¢ + )
Ty d3k
il 00

@r)3(2ke)

. Commutators for free reals scalar fields
Calculate the equal time commutators for

(a) []5“, d;(x)}, where the momentum operator is given by

A 3 ~
P [ e kel ) = [ rr(ode),

(b) |, (k)ale)|:

82



Solution

(a) Through field operators
[P, o(a / &y |# () dy Lozyozt
- / @y { [#(y). ¢<w>] 0"3ly) + 7(y) [0"9(0), d()] }
= [ @y {-isw- oy + i) 0} = —i0"d(a).

and through the expansion in creation and annihilation operators

P4, ()]

Zo=Yo

d3k d3 A —iq-x ~ iq-x
-/ G iz (40, a@e1 +al e
Br B : |
= Al a A —iq-x
N / (273)2kq (273 2q0k“{_“ (B)a(k). alg)| ™

+ |at®)a(k), af(g)| e}

d3k d3q o '
- | oo {_a (k). ()] ak)eo"

d3k d3q ‘
= py_ 3v83(1 N ALY o—igT
| G Gy (20— g athe

it (k) 200(27%)8° (k — g)e'* }
- [ o {*a@e-i“ +alet)

273)2ko

A3k N . .
- _ a —ik-x ~F ik-x — Ak
iOr / o %O +a'(k)e } Mo(x).

(b) Expand the Hamilton operator in creation and annihilation op-
erators and use their commutation relations

.6 watw)] = [ b ). o'kl

3
= 5 | G [ @i Wite) - af Wi @aw)

3
- 3 / éﬁ% [ ()l (P)ala)ap) + 2k (275" (k — p)al ()alg)

~a ()l (p)a(@)a(p) — 200276 (a — )it (P)alg)|

- 2(]{;02_6]())&*(/6)&(‘1) = (ko — a0)a' (k)a(g).
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7. *Properties of the Charge Operator In the following, consider a
free complex scalar field ¢.

(a) Show that the (normal-ordered) charge operator is given by
Q= /d?’x [qg*(x)ﬁ'*(m) - q@(m)fr(m)]

_ /(2:;’;% [&T(E)a(@) —IST(E)B(E)]

(b) Show that [:Q:, :P*:] = 0.

Solution
(a) Using that 7* = d,6 and & = 8,¢* we arrive at
/ @ [ ()3 (2) - Bla)r(e)]
1

Bk d¥q
_ 3 i
2 /d T am)2hy (2132 00

:{ [&T (k)e*e + [;(E)e—ikm} [&(q)e_iq'm _ BT(q)eiqm}

1

:Q: 5

— |a®)e™ e 1 B (k)] [at (@) + b(g)e ] };

1 a3k d3q

— d3
2/ ¥ (2m)32ko (27)32q0

{erton [t watg) - i Wit

— e =0 [3(k)b (g) — alk)al (q)

_ itk 41 (k)bf (q) — bT(E)&T(g)]

+ et fighae) - awico)]

B 1/ A3k d3q
~ 2] @32k (21)32¢0

{ertommngii - g [atwat) - (i

— e ihommIng(k — g) (k)b (g) — a(k)al (9)

= etillormnog (g 4 g) o (k)b (g) - B (k)aT(q)]

+ e~ilho+ao)zog3(; 4 ¢) :E(E)@(Q) - &(E)?)(Q)} }:
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’ ~ ~
-5/ @733’2% |af (k)a(k) — B (k)o(k)]

(b) To calculate the commutator let us first take a look at one typical
term, namely

(D)7

Using the result from one of the previous problems that
[PF, §(a)] = —id" ()
and similarly (because the derivatives commute) that
[PF, ()] = [P*, 09" (2)] = —i0y0"" () = —i0"# (x)

we see that

{:Q:, :P“:} = —/d%{ [P", é*(x)} #*(2) + ¢* () {P", fr*(w)}

8. *Parity of a Scalar Field

The parity operator P for a real scalar field is given by

P e {2 [ S [dwat) - neal o] |

where the phase np = =+1 is the intrinsic parity of the field. Fields
with np = 1 are scalars and those with np = —1 are pseudoscalars.
Prove that [P, H| = 0.

Solution

To prove this, we need to realise that any function of an operator
O commutes with another operator X if the operators commute, i.e.

85



[£(0), X] = 0if [0, X] = 0, because functions of operators are defined
through their series expansion. This means that we have to show that

0 - [ / (%ii;l;f {a“(k:)a(k) - npaT<k>a<—k>} 7
/ (2:)33(12% Q0 dT(Q)d(q)]
3 3
_ / (Qj)g’;ko / (Qj)f?qo " { [ wa. at@ag)

—np {@T(E)

A3k d3q
- /(277)32k0/(277)32q0 qo{
(27%)2q06* (k — q)a' (k)a(q) — a'(k)a' (q)a(k)a(q)

(k
—(27%)2906° (k — g)a' (q)a(k) + &' (¢)a' (k)a(q)a(k)
%)

—np |(25%)2000° (k + q)a! (B)a(g) — at (K)a' (g)a(~k)alg)

>
—~
|
oy
N—
j=}
pafl
~~
S
S—
j=}
—~
)
~—
—_
H,_/

(22000 (k — )il (@)a(—k) + a*<q>a*<k>a<q>a<—k>] }

d3k d3q . . . .
— e [ e [ oy 0 { @) — @l | ~o

and therefore the parity operator commutes with the Hamiltonian.
This implies that parity is a conserved quantity for the free scalar
field.
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5 Fermions

In this section we will get acquainted with the Dirac equation, which intro-
duces not only fermions, but also provides insight into anti-particles.

The Dirac equation emerges through linearisation of the Klein-Gordon equa-
tion, after realising that its quadratic form yields negative energy solutions.
Such a linearised form, however, only satisfies the original energy-momentum
relation — essentially the kernel of the free Klein-Gordon equation — if the
fields have an even number of components, at least two. This proves to be a
blessing, as it allows us to describe spin-1/2 particles, and the corresponding
fields are dubbed “spinors”. Insisting on maintaining that the spinors sat-
isfy the Klein-Gordon equation for massive particles leads to spinors with
four components - two more than necessary for spin-1/2 particles. These
additional degrees of freedom are identified with negative energy solutions
and interpreted as anti-particles. As before, in the case of the scalar fields,
this implies that the energy spectrum of the theory is unbounded from be-
low. Consequently the vacuum is not empty, and i fact it contains short-
lived quantum fluctuations of particle+anti-particle with opposite energy,
momentum and spin.

The Dirac equation has been covered ubiquitously in the literature. Keeping
in mind that we use a somewhat different (and in my opinion, more mod-
ern) normalisation, it would maybe be a good idea to also take a look at
Sections 4.1 and 4.2 of Hatfield [3] or Sections 3.1-3.4 and 3.6 in Peskin &
Schroeder [1], the latter section more of some extended reading. It is also
worthwhile to check out Chapter 2 of Itzykson & Zuber [?], if you can find
it somewhere.

5.1 The Dirac Equation

Short-comings of the Klein-Gordon Lagrangian Consider, again, the
Klein-Gordon equations of motion, Eq. (91) in Sec. 3.2,

82
(2~ 224 2) 0(o) = (8,0% + ) ota) = 0.

Fourier-transforming it into
(E* —p*—m*)p=0 — E*=p°+m? (182)

we realise that, due to its quadratic form, nothing prevents us from con-
structing solutions with negative energies. Assuming plane wave solutions
for the fields, ¢(x) ~ exp(ikx) the charge or probability density for the
complex scalar field is given by

p=jo=(0:0")¢ — ¢"(0r9) = —2iko (183)
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which can be translated into a real, unit-free quantity, that is more ap-
propriate for a probability density. This is achieved through a suitable
normalisation, for example

. i
oy G = ik 184
gt =gt (184)

such that p = ko/m. For negative-energy solutions, though, this would
result in negative probability densities, which are extremely hard to inter-
pret. Ultimately, the appearance of these solutions mean that the energy
spectrum of the theory is not bound from below and there is no lowest en-
ergy ground-state. In other words, there is nothing that prevents us from
producing more and more particles, by pairing positive and negative energy
solutions — clearly an unacceptable problem for the interpretation of the the-
ory. Ultimately this shows that it is impossible to produce a single-particle
theory when imposing Lorentz-invariance as a construction paradigm.

Of course, we know by now that this issue can be completely circumnav-
igated by identifying the negative energy-solutions as anti-particles, parti-
cles with positive energy but opposite charge that propagate backwards in
time. However, when Dirac introduced his famous equation in 1928 this
anti-particles were not discovered yet, and it was in fact his work that in-
troduced anti-particles as a meaningful theoretical concept that emerges
naturally when combining Quantum Mechanics and Special Relativity into
Quantum Field Theory.

Linearising the Klein-Gordon Equation Dirac’s aim was to construct
a linearised version of the Klein-Gordon equation such that the resulting
E.o.M. are linear in J;, and being Lorentz-invariant exhibit solutions that
still satisfy the original equation. Choosing an ansatz for the field v, that
is first order in 0; and first order in V
oY(z, t)

it becomes obvious that «; and § must be matrices, and that @) has at
least two components. The latter property in fact was seen as a nice bonus,
because they could be identified with the two spin states (spin up and spin
down) of the electrons that Dirac wanted to describe. This identification of
the components of the field 1) with spin states has led to the name for ¢ (x):
spinor or spinor field.

Properties of the «; and S matrices To guarantee that the equation
above, Eq. (185), reduces to the Klein-Gordon E.o.M. when squaring the
kernel,

2
<§t2 -V + m2> = [0, +ia -V — fm]? (186)
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«; and § must satisfy the following relations

{ai, aj} = ooy + ajoy; = 2045
{os, B} =0
BP=ai=1
Tr(oy) = Tr(8) =0. (187)

This implies that the eigenvalues of «;; and 8 are 1, and the combination of
them being traceless and having these eigenvalues suggests that they must
be of an even dimension, i.e. dim(ay, 8) = 2, 4, .... Focusing on the case
of lowest dimension, 2x2 matrices, we can see straightaway that the «; can
be identified with the Pauli matrices, a; = o;, where

0 1 0 —i 1 0
01:<1 0), 02:(2. OZ>,and 03:<0 _1>. (188)

This however won’t work for massive theories where m # 0: There is just no
fourth candidate matrix for 8 that satisfies all the properties of Eq. (187).
This has two implications: First of all, for massless theories, we could stick
with two-component fields 1, also known as Weyl spinors. And secondly,
for massive theories like the ones we’re going to pursue, we must use four-
component fields — the Dirac spinors — and have four-dimensional «; and

matrices:
0 oy (1 0
ai_(ai 0) and '8_(0 _1). (189)

Here — and later in 9 — the 1 denote 2 x 2 identity matrices.

v Matrices and Their Properties For practical purposes, the o and
([ matrices proved a bit cumbersome, and they are usually replaced by the
~v-matrices, defined by

’yO:B:<é _01> and vizﬁai=<_oai %Z> (190)

Direct calculation shows that they enjoy the following anti-commutator re-
lation

7" ="+ = 20" | (191)

In addition, v° = 407 is Hermitean with 702 = 1, while the 4% = —4f are
anti-Hermitean, with (v%)2 = —1.
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Dirac Equation Multiplying the Dirac equation, expressed through the
« and f matrices, Eq. (185), from the left with 7° we arrive at

(i7" — m1L)ye tog = (i) — m)d = 0. (192)

In the equation above, Eq. (192) the components of the Dirac equation in
“spinor space” have been made explicit, indicated by the indices n and &. It
is important to stress that this exhibits the fact that there are two spaces
in the Dirac equation, namely the “normal” Minkowski space with index pu,
incorporating the external Lorentz symmetry of space-time, and this spinor
space. The « matrices and the spinor ¥ have multiple components in this
space, and the mass term is diagonal in this space, indicated by the 1-
symbol. As before, the Lorentz indices p etc. run from 0 to 3, while the
Dirac or spinor indices run from 1 to 4.

Dirac Equation for ¢ The nature of the equation above suggest that
the Hermitean conjugate spinor 1! represents a second, independent field,
similar to ¢* and ¢. Straightforward Hermitean conjugation of Eq. (185)
results in

Mz, t
S D iute, 1) -af +muta, 0B, (193)
and multiplying from the right with T = 8 = 70 yields
—it (2, 0 = m! (2, 1) (194)

Using 702 =1 and ZT = (Ba)' = aB = B(Ba)B = ,yol,yo while defining the
“parred’ spinor 1 = 1T~ allows to find the E.o.M. for the barred spinor as

1;(¢<§+ m)=0. (195)

Lagrangian It is easy to check that the two E.o.M. for the spinors ¢ and
YT can be obtained from the free Dirac Lagrangian

£=() (i9 —m) v(w), (196)
where
aTb = % (a(0b) — (9a)] . (197)

The E.o.M. for ¢ (1) are obtained,as usual, by varying the Lagrangian with
respect to ¥ (1):

oL oL 1. ) .

50 " Oag = M-l = (i - m)v =0
oL oL 1« . e

5~ gy =~ 3 [P0+ 0] = 5 (i9 +m) = 0



Conserved Current It is relatively straightforward to construct a con-
served current from the two E.o.M. Eqgs (192) and (195): multiply the former
from the left with v and the latter from the right with ¢ and add. This
results in

0=0-(§ —m)p+0-G§ +m)-v=ib(§ + ) (199)

and we arrive at the conserved current

Ouj* = 0y, [ivy"y] . (200)

Solutions to the Dirac E.o.M.: Spinors at Rest To construct solu-
tions for the Dirac equation, it is important to keep in mind that the ¢ and
1) are objects with four components?. Let us for the moment describe the
as a product of advanced and retarded plane wave factors and polarisation
eigenstates u(p) and v(p),

3 . .
wife) = [ 5o [ )+ e )] (200)

where we have made explicit the spinor index 7. This expansion moves the
spinor index to the u and v spinors, i.e. they are objects with four entries,
and the Dirac matrices act on these indices!®. To construct them, it is
sufficient to realise that the E.0.M. become a system of linear equations for
the eigenstates u(p) and v(p). Let us first solve this equation for a particle

at rest, p = 0, p? = E = m, leading to

(B4 — m)u(0) = m(7° — 1)u(0) = 0 and, similarly, (v° 4+ 1)v(0) = 0,
(202)

Inserting the (diagonal) form of

(203)

2
Il
oo o
oo~ o
|
o~ oo
=N

implies that the third and fourth component of u and the first and second
component of v must be zero. Both v and v therefore have two independent

9But, although they look like vectors because of the four-components, they differ from
four-vectors in how they behave under Lorentz transformations. Simply put: spinor index
# Lorentz index)

10Ppositive and negative energy solutions 1+ are of course related to the wave factors
such that

¢y =e Pu(p) and Yo =" v(p),

and we will recycle them later when quantising the Dirac fields.
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solutions each, and the corresponding eigenstates can be readily identified
with the two spin states: u(1/2) describe positive-energy particles with spin
up/down, and v(1/2) decibel negative-energy particles with spin up/down.
Choosing normalised “eigenvectors” then results in

1 0
uM(0) = 8 . u® (0) = (1] ’
0 0
0 0
vM(0) = (1) v@(0) = 8 (204)
0 1

Solutions to the Dirac E.o.M.: General Momenta To obtain so-
lutions for general momenta, we use the fact that suitable multiplication
of the kernels of the E.o.M. for v and v with terms (p + m) encodes the
energy-momentum relation for a massive particle,

(B—m)(p+m)=p*—m>=0. (205)

This means that, including normalisation factors n(p), the transformed eigen-
states

u(p) =n'(p + m)u(0)
o (p) = (—p + mp O (Q) (206)

will satisfy the E.o.M. (p — m)u = 0 and (p + m)v = 0. Introducing py =
pz £ ip, of the momentum components the spinors and using

E+tm 0 —p2 —Dz + 1Dy
0 E+m —p,—ip [
fry M — Y
pEm=potEm D2 pz—ipy —E+£m 0
Pz + 1Py —p. 0 —FE+m
(207)
we arrive at
1 0
0 1
WWpy=n| ,. |, «P@=n]| , :
E+m E+m
b+ —Pz
E+m E+m
Pz p—
E+m E+m
Ep+ i
D) =n| 7, Py =n| | (208)
0 1
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where the energy E =, /p? +m?2 > 0 and the normalisation is given by

n=vVE+m. (209)

Note that we have normalised the spinors such that, apart from the norm 7
the first component of the spinors equals 1.

What is left to do now is to explictly check that the spinors indeed satisfy
their equations of motion, i.e. that (p — m)u(t?(p) and (p + m)v(1?(p)
vanish. For example, for «(!) and v we find

(p —m)u (p)

E—-m 0 —Ds —p_ 1
o0 Eem P 0
D+ —Pp2 0 —(E+m) Fim
p2
E—-—m— yopEm
—p4+Pz+P+P-
= E+m =0;
—p, + (Eg“fn)lpz
E
—py + s
(#+m)pv™(p)
E+m 0 —ps —p_ o
_ 0 E+m —p4+ Dz E‘i—ﬁﬂ
p- p-  —(E-m) 0 1
j —P= 0 —(E—m) 0
(E+m)p-
e
(E+m)py
=| 7 T =0 (210)
Tom (E—m)
P+DPz—P+P=z
E+m

Similar calculations for u(? and v® prove that the spinors indeed satisfy
the equations of motion.

Spinor Products in Components The normalisation has been chosen
such that the spinors form a “nearly” ortho-normal basis,

1@ (p)ul? (p) = 2méy; = o (p)o'V (p) . (211)
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A simple calculation exemplifies how to calculate such spinor products. For
example for i = j = 1 we find

(0),,0) _ o @0, () _ 2 P’ P+p
=(4),,(4) — (@ J) _ B z B —
a\"u u Ty n <1+O (E+m)2 (E+m)2>

ZE?+2Em+m® —p*  om(E4+m) 5, 2m
(E +m)? T Erm? T TErm

— (212)
and plugging in our chosen normalisation leads to the anticipated product
of Eq. (211) A similar calculation for the “daggered” instead of the “barred”
spinors, i.e. ignoring the 4" yields

2 2 2
u(i)Tu(j):an +2Em+m* +p  22E(E+m) 5 2F _op

(E + m)? " ETm? T TErm

(213)

Therefore,

WM (p)u (p) = v ()0 (p) = 2pod;

7® (B)u(j) (p) = a® (B)U(J') (p) =0. (214)

Completeness Relations Let us now reverse the order of multiplication
and instead of calculating scalar products of a “row” spinor times a “column”
spinor, 4w, let us calculate the product of a “column” spinor times a “row”
spinor, uu. This leads to the completeness relations

2 2

Doulay = @btmlas . o0 = -mes | (215)

i=1 =1

Using Eq. (207) and directly calculate the spinor products, i.e. the terms
ut we see that this holds in fact true. It is important to stress that the
product of “column vector” and “row vector” is not a scalar product but
generates a matrix.

5.2 Second Quantisation

Some Interpretations Before second quantising Dirac theory, it is worth
to first analyse and interpret the structure of the solutions obtained above.
As before for the case of scalar fields we have plane waves moving in the
“wrong direction” - the states that come with the v-spinors. They can be
interpreted either as states of negative energy moving forward in time or
as states of positive energy moving backwards in time. In any case, they
describe anti-particles. Of course, as before, their existence indicates that
the energy states of the theory are not bound from below, so there is a
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priori no well-defined ground state. Dirac circumnavigated this problem
by demanding that the negative energy solutions are all fill, and that the
v-states are “holes” in this otherwise full “sea” of negative energy solutions.
This obviously abandons any notion of the resulting Quantum Field The-
ory describing just one particle — which is possible in Quantum Mechanics.
Adding Special Relativity to the mix implies that the resulting Quantum
Field Theory indeed can only be realised as a multi-particle theory. It is
then not surprising that the vacuum is not “empty”; instead it can have
short-time quantum fluctuations of particle+anti-particle (hole), with op-
posite energy, momentum, and spin such that the overall quantum numbers
(all 0) are conserved. We will now move on to quantise this theory.

Lagrangian and Conjugate Momenta Derivation of the Lagrange den-
sity of Eq. (196), £ = ¢(x) (i — m)y(x), with respect to the time-derivative
of the two 1ndependent spinor fields ) and ¥ yields

v = 0L/30 = Bin® = Lyt

wt = 0L/301 = 21" = 10 (216)

The Hamiltonian density then reads
H= i)+ 71t — £ = 2 (@) - w(@ow')) -
= (1000 — 000 +iv- ¥ +m) v = 6 (i V+m)u  (217)

It is worth noting here that our conjugate momenta differ from the usual
form in textbooks by a factor of 1/2, stemming from our vey literal inter-
pretation of the derivative of Eq. (197) in the Lagrangian, Eq. (196).

Anti-Commutators Quantisation is achieved by promoting fields, mo-
menta etc. to field operators and by demanding suitable commutation rela-
tions for them. However, we know that spin-1/2 particles are fermions so we
need to encapsulate Fermi-statistics into the quantisation condition. This
necessitates to replace the equal-time commutators of fields and momenta
with equal-time anti-commutators. Using the relationship between fields
and momenta from Eq. (216) they therefore read

[dalt, 2), 74t )} = & {dalt, 2), 3L y)} = ibapd*(z—y)
{talt, ), ds(t. )} = {Wt 2), Dt (218)

where the anti-commutator of two operators is defined by
{A, B} — AB+ BA, (219)
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and where we used that 75 = 1&2

Creation and Annihilation Operators As before, we expand the fields
in plane waves multiplied with creation and annihilation operators. As we
already have such plane waves for the “classical” fields, multiplied with
the eigen-spinors u and v, we merely need to add one creation/annihilation
operator for each such state and arrive at

2

3 . ~ . . .
P(t, ) = /(2:)31)2])0 ; [e_’p’xbi(g)u(’)(g) + e’p’xdj(g)v(l) (]3)]

3 2 . ~ . . ~ .
Vo= <2:>p2p 2 [ di(p)o ) + 7B ()i ()] A°

(220)

With the following anti-commutation relations of the creation and annihila-
tion operators,

{bal®), 5@} = {datp). d(@) } = 2m0(27)** (0 — )| (221)

and all others vanishing, the anti-commutators of Eq. (218) are fulfilled.
For example:

{talt, ). )t )}

_ / d3p d3q efip-zfiq-y
(27)32pg (27)32q0

d3p d3q 353
= / (27)32po (27)32q0 2p0dap(2m)°0%(p — q) {

o ip gy (u(ﬁ)T(q)u(a)(p)) 4 etpa—iqy (U(ﬁ)T(q)v(a)(p)> ]
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3 . .
N /[(2;1;%o5a6 %’%p($_yhﬁﬁﬂ(p)U“”(p)-Fe*”p‘z_yhﬂﬁﬁ(p)v“”(p)]
- p)u'(p p)v'(p

d’p —ipo-(t—)+ip-(z—y) | Fipo-(t—D)—ip-(z—y)
= (7501521)05%3 e g7 te piL—Y

27 )32])0
_ [ &p 5o lem @y 4 otir-y)| — 95 3 299
N R [P T N

in agreement with Eq. (218). We realise that due to the equal times, the

exponentials of the time differences vanish; in addition, because a and [
are external parameters, we cannot use Einstein’s convention of summing
over repeated indices, since this would eliminate these parameters and the
right-hand side of the anti-commutator would not depend on them. Simply
put, the o and 8 are not indices in some space but label the spin-states of
the fermions and cannot be summed over. Finally, we used that §%(z — y) =

8 (y — ).
States To construct states with one and more particle states, we first

realise that

. 512(9) / 51,2(3) creates/annihilates positive-energy electrons with spin
up/down and momentum p;

) 3172(]2) / di2 (p) creates/annihilates negative-energy electrons — positrons
with — spin up/down and momentum p.

For example, a one-electron (positron) state with positive (negative) energy,
spin-up (down) and momentum p is created by

=, 1) = di@)0). (223)

While this looks straightforward, things become more interesting when con-
sidering two-electron states, both with positive energy, momentum p, and
one spin up and one spin down:

[+, p, 15+, p, L) = bL(p)bh(p) 0) = —bl(p)b](p) |0) (224)

where the sign is a reflection of the quantisation through anti-commutators.
But if both electrons populate the same space in energy, momentum, and
spin, for example

[+, 0, 15+, 2, 1) = bL(p)bL(p) [0) = —b] (p)b] (p) |0) = 0, (225)

i.e. such states cannot be produced. In fact double application of fermionic
creation operators with identical momenta, energies and spins will annihilate
any state.

97



Hamilton Operator To promote the Hamilton density of Eq. (217) to an
operator it is sufficient to replace the fields with field operators. Plugging in
the expansion in terms of creation and annihilation operators, using u7? =
uf and 770 = T, and integrating over space, we find

d3q 2
H =
/ 271’ 32p0 27r)32q0 Z [

3,7=1

(e di(p) 3 (p) + b (p)

) (2 )

« <e—iq-xi)j @u(j) (q) + eiq'xci}(q)v(j)(Q))}

d3p d3q 2
= [
/ * @m)32p0 (27209 ”z: {

07 (d(p)by(g)) {v(l) (») ny (—p+aq)+ m) u“)(q)]
+ e (di(p)di(g) ) [@(i)(p) <;7 (-p—a) +m> v(j)(Q):
+ et (5p)hi() [a@(p) (;7 (+p+9) +m> u(j)(q):
+ et (3 p)di (o) [u@(p) @7 (+p—q) +m> v“’(q):}

(226)

where we the z-integration over space resulted in a J-function, 53@ - q),
which in turn enabled the integration over p. Using the E.o.M. for the u
and v spinors,

0 — qovoulg) = (¢ v

0 — qoyov(g) = (g- 7 —m)v(q) (227)
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and @y = u! and vy = of,

NES

- (dt@di@) [0 @e (@] + (@) [ (@u(g)]
+ (il-0d@) [ @ (-g] e |

With the orthogonality relations of Eq. (214) and their counterparts for
terms u(i)T(—g)v(j) (¢) and vOF (= )u(])( ), the first and the last term in the
bracket above vanish. We finally arrive at the Hamiltonian

. RE: 2 . R
i = [ gy e [lohe - dwiw] . e
which exhibits the same problems with infinite ground state energy as its
counterpart of the Klein-Gordon field, cf.. Sec. 4.2. We cure this, again,
by applying normal-ordering, Eq. (160) for bosons, which for fermion fields,
however, comes with an extra minus sign to encode the Pauli exclusion
principle, R R R X
d} (q)di(q):= — «di(q)d] (q):= d}(q)di(q) - (229)

Therefore, the normal-ordered Hamiltonian is given by

H = / d?’qqoi [(A)T(q)i)i(q) + dl (q)di(q)} : (230)
(2m)32q = LTS I\ D)id

Introducing number operators N for particles with positive and negative
energy, electrons and positrons,

Ni(q) = bl(q)bi(q) and N_(q) = dl(q)di(q),  (231)

i=1 i=1

we see that the Hamiltonian merely sums the energies of these particles

~ 3 ~ ~
= [ (27‘3);]2% w[Ni(@) - N(g)] (252)

Conserved Charge In a similar way, we can construct the (normal-
ordered) charge operator : ):. Promoting the fields in the 0-component
of the current density Eq. (200) to field operators

Q= [ &z [i(@n @), (233)
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we arrive at

2

~ 3 A ~ A
0= [ o X [kt - d@d@] .| @

=1

Expressed through the number operator this becomes

G = [ i [0 - @] (235)

and the overall charge of the system is given by the difference of the total
numbers of positively and negatively charged particles. It is a straightfor-
ward exercise to show that the charge is conserved, by asserting that the
commutator of the charge and Hamilton operator vanishes; we leave this as
an exercise.
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5.3

1.

Problems & Solutions

Dirac equation and Anti-Commutators
Show how the anti-commutation relations for the o and S matrices
follow from the requirement that the solutions to the Dirac E.o.M.

0
also satisfy the KG equation.

Solution

To show that ¢ also satisfies the Klein-Gordon equation, consider the
square of the equation and demand that it reduces to the differential
operator of the Klein-Gordon equation, i.e.

2

= [~(a-V)*+B°m* —im(a- V- B+ Ba- V)| (z, t)

3 3
= — Z aié?z-ajaj + BQmZ - Zmz (Oéz/B + Baz) 0; 1/)(&, t)

i,j=1 i=1

i 3
= =D (e t) = [+ m (e, 1)
L =1

where we have imposed equality with the relevant part of the Klein-
Gordon equation in the final line. Direct comparison with individual
terms shows that:

3 3
— Z aiaj&aj == —2812
ij=1 i=1
+62m2 _ m2
3
—imY (B +Bai)d; = 0
i=1
and therefore
g2 =1

.+ Bo; = {a; B} =0
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2. Commutators with the Dirac Hamilton Operator
Calculate the following commutators:

4, ];

a

b) [H, L] with the orbital angular momentum operator L = 7 x p;
(c) [£

(a)
(b) [
) (A, L]
(d) 5
)

[H S] with the spin operator S = —%Q X &

~

(e) [H, J] with the total angular momentum operator J = L + S

Hint: To alleviate the calculation, express the Hamilton op-
erator with the o and § matrices.

Solution

Remember that the Hamilton operator expressed through the o and
£ matrices is given by

and use the commutator [#°, p/] = id;;

(a) [H, p):

(b) [H, L]: we calculate this commutator component-wise,

[H, L] = é9%[a - p+ Bm, 75"
= bl 9] = —icijha;p* = [ip x o]’
and therefore [H L]

(c) [A, L)

\’B>

X Q.

[, L) = [, L]
= alp), L'L) = ay (I#/, L)L+ LW, L))
= —ieijkaj (ﬁki}l + I:lﬁk> #0.
(d) [H, S]: we calculate this commutator component-wise,

NPy iciik .
[H, 8] =——~la-p+Bm, ajul
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ietdk N ietk Al
= — 4 P [al, ozjak] = — 1 P [(25lj — ajal)ak — aj(261k — alak)]
= —162 (ﬁ’ak —ﬁka]) = —icikpiay = — [@ X g]l

and therefore
(6) [, J] = —p x a
(i, J]=[H, L]+ [, 5] =0.

This proves that neither orbital nor spin angular momentum are
conserved quantities for the free fermions described by the Dirac
equation, and only their total angular momentum is conserved.

3. *Direct Solution of the Dirac Equation Solve the Dirac equation
directly, by using the specific form of the v matrices in the Dirac form.

Solution

We express the Dirac spinor in the equation of Eq. (??7), (iv*0,, —
m)y = 0 by decomposing it into a plane-wave factor multiplying two
two-component spinors,

pmeme ().

Using the Dirac v matrices of Eq. (??7) we then obtain an equation for
the two components as

op —E-m )\ ¢y ) 7
where p" = (E, p). To solve this system, its determinant must vanish

and we arrive at

| E-m —o-p |_ 2 2 2 2 2 2

and we recover the well-known energy-momentum relation leading to

solutions if F = =+, /;92 + m2.

For the positive energy solution, the system hs the form

(E—m)y — (@-plp- =
(@-p)Yy — (E+m)py =
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implying that o p
Vo= +;n¢+

and therefore he positive energy solutions are given by

(i
ulp) =u+(E,p)=| o.p

E+m

(L

with two basic spinors ¢4 for spinup and spin-down solutions given by

o) ()

Similarly, for the negative energy-solutions we find
ga-p

u*(_E7B): _E+m
P

W

with two basic spinors ¢4 for spinup and spin-down solutions given by

w(_i):<é) and (2)

The last thing to note is that for the negative-energy solutions there
emerged a relative sign between energy and momentum, which makes
the assignment of a plane-wave factor tricky. Therefore the v-spinors
where introduced such that

g-p

4. Dirac spinor relations

(a) prove, by explicit calculation, that

1 (p)ul? (p) = 2mé;; = - (p)o¥? (p)

for all combinations of ¢ and j and that
7® (B)“(j)(ﬂ) —g® (Q)U(j)(@ =0.

For all scalar products use that @ = uf+? and thar pi = pr.

104



(b) prove, by explicit calculation, that

2

z;ul) D = (p+maﬁ, Zv =(p— m)

=1

(¢) can you find a normalisation constant n such that

2

@, _ (P+m (5 = 0
Zuo‘ “p < 2m Z 2m of

=1

This is another often usec normalisation. What does it imply for
the scalar products?

Solution

(a) Scalar products uu and vv, for n = E + m:

1 \" /10 0 o0 1
_(1)( (1) 9 0 01 0 0 0
u p)u (p) - 77 z z
B B E';Fm 00 -1 0 E;trm
E+m 00 0 -1 E+m
2 2
= 2140 N e
(E+m)2 (E+m)?
ZyE*+m?+2Em—p*  , 2m
= 7 n =2m
(E +m)? E+m
1 \" /10 0 o0 0
0 01 O 0 1
(1) (2) — 2
Etm 00 0 -1 Etm
Pzp— P2p—
( T Ermp " <E+m>2>
0O \" /10 0 0 1
1 01 O 0 0
=(2) (1) —
yoRE 00 0 -1 Etm
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0

1
a@ (p)u® (p) = n? p:
il
E+m

2E2+m2+2Em—p

= n

(E 4+ m)?

7AW (p) =n? | Etm

772 DzP+
(E +m)?

E+m

Pz
E+m

E+m

E+m

Dz
E+m

E+m




Scalar products of vu and uwv:

5 T
E;’m 10 0 O 1
s () (p) = n2 | Fm 010 0 0
o (p)ut(p) =n .
£ £ 1 00 -1 0 E;’tm
0 00 0 -1 A
2 Dz Dz
pr — :0
K (E+m E+m
5 T
E;im 10 0 0 0
s ()@ (p) =2 | T 01 0 0 1
o (p)ut(p) =n _
=0E 1 00 -1 0 Yoo
0 00 0 -1 s
2 = p—
g — :O
K <E—|—m E—i—m)
T
Ef%m 10 0 0 1
,(2)( (1) 9 E+7Zn 01 0 0 0
v (p)ut(p) =n .
£ £ 1 00 -1 0 Eg-m
t
0 00 0 -1 A
—_ 2 b+ P+ -0
E4+m FE4+m
T
,%m 10 0 0 0
5 (@ (p) = 2 | Frm 01 0 0 1
v (p)ut(p) =n _
= = 1 00 -1 0 E_i?
0 00 0 -1 —
2 —Dz —Pz
pr — :0
1 (E+m E+m
T 4
1 10 0 O Egm
0 01 0 0 +
—(1)( (1) — 2 E+m
u' (p)v'(p) =n .
£ £ E;im 00 -1 0 1
2= 00 0 -1 0
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1\ /10 0 o0 2=
0 01 0 0 P
1D (P (p) = 1?2 Ftm
u (p)v(p) =n .
= = %m 00 -1 0 0
7= 00 0 -1 1
2 p- p-
— - =0
K <E+m E—i—m)
0\ /10 0 o0 2
1 01 0 0 Pt
i@ (oD (p) = 12 Etm
a(p)vr(p) = Ef%m 00 -1 0 1
o 00 0 -1 0
2 P+ P+
g — :0
”(E+m E+m
0\ /10 0 o0 4
1 01 0 0 -
7@ ()o@ () = 2 yoeen
TR = e 00 -1 0 0
P 00 0 —1 1

E+m

2 —Dz —Dz
pr— —_ prm— O
n<E+m E+m>

(b) We will use that p> = E? — m? = (E + m)(E — m) and that the
product of a “column-vector” and a “row-vector”, v-vT, yields a
matrix-object.

2

S ulag) = [+ mlys = (B =57 +m],,
=1

E+m 0 —P2 —p—
0 E+m  —py Pz
- j [ -E+m 0
P+ —P 0 —E4+m /1,
/1 1 \'/10 0 o0
0 0 01 0 0
= Pz Pz 00 —1 0
E+4+m E+4+m
L\ 77 BT 00 0 -1
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0 0 1 0 0
1 1 01 O
+
Pim Pim 00 -1
Fim T 00 0
1 1 \" 0
) 0 0 1
=0 Dz i + b—
E+m E+4+m E+m
P+ —p— —Pz
L E+m E+m E4+m
[ 1 0 - E'Ijkzm - E'Zi;m
0 0 0 0
= (E+m) e g 2 o
E+m (E+m)? (E4+m)?
P+ 0 — Pzp+ _ _Db4P—
L \ E+m (E+m)? (E4+m)?
0 0 0 0 1
0 1 - Eﬁrm E;izm
+ 0 p— e Pzp—
E+m (E+m)? (E+m)2
0 —_p= pp+ ___»?
E+m (E+m)? (B4+m)? i
[ E+m 0 —Pz —p-
0 E+m —D+ Pz
Pz p— —E+m 0
i P+ —pz 0 —E+m

—P+
E+m

Pz
E+m

The calculation for the v’s follows the same pattern.

(c) The normalisation then would be n? = (E 4+ m)/(2m) and result

m

5. v Algebra
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Prove the following identities

Vi = 4
VAV = =2
Tr(v#9") = 4g"”
Tr(y"9""77) = 4(¢"9" +9"79"" — ¢"79"")

Solution

Straightforward matrix multiplcation shows that

1 000
1 00
o., 1. 2 3. _ _
TW=TN=TV"2=VB= 5 0 1 0 =1
00 01

and summing them thus yields 4

Alternatively, without using the explicit representation as matrices:
e o leow o
V= 510w = 5240, = 4
because ¢/, = d', and we thus sum over the 4 entries of the four-

dimensional unit matrix.
Using the anti-commutator of the gamma-matrices and cyclicity of
matrix multiplication under the trace operation yields the next two
desired results
VAV = (26" =) =297 = 4P
4 1 v v 1 7 v 4
Tr(v"") = JTe(y"y" +979") = JTr(2¢") = g™ Tr(1) = ¢,
where in the last step we realise that the trace is over the 4 Dirac
(spinor) indices.
Finally, with the same steps,
Tr [y#9"7P97] = Te [v9" (29" —179")]
= 29" Tr(y"7") = Tr Y9777
= 8¢”7g" —8g"7g"" + Tr [y¥'v7~ "]
= 8¢ g"" —8¢"7gM’ + 8¢M7g"" — Tr [y yHy" 4]
= 8¢" g’ +8¢"7g"P — 8¢ g"7 — Tr [y~v"+ 7]
and therefore

2Tr[y9""77] = 8(9"9” + 89"7g"" — 8g"7g"7)
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6. Dirac Hamiltonian from Creation and Annihilation Opera-
tors
Show that for the Dirac field indeed the Hamiltonian (not! normal-
ordered) is given by

ir= [ dan = z/zh%o plone

Solution

®‘>
/-\

&>
%\
S—
&
—
=
N—

Plugging expansions of fields in terms of creation and annihilation
operators,

3 2 N o
o = R b+ )]
2

o= [ e S [ ) + e a o )]

(2m)32po =
where multiplying from the right with +° for the latter gives (remember
(79?2 =1)
_ d3p 2 R ) . ~t
b= / e 2 [ O ()di(p) + P aD (n)5] (v)]

(2m)32po =
into Hamiltonian from lecture, expressed in v and o1, gives!!
H =yl (—ia- ¥ + pm)yp = P(—iy - Y +m
and therefore

H= /d?’fmzj(—m- ? +m)y

1We use a lot of spinor identies, such as % = uf'yo etc. in the following and try to make
them explicit through lots of intermediate steps. Remember that

= 1 -
5w = 2009) ~ 00)w = 59(3) -
Two other identities we will use arise from the E.o.M.:

(p—mu(p) =0 +—  (p-
P
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2

d3p d3q
d3
/ *(2m)32po (2m)%240 lz {

Jj=1

[0 (0)di() + e a )b} ()] (—in - ¥ +m)
e @) + e i )] |
1 3 d3p d3q 2
2/ﬁ$@mwm@mw%g%{
5 (p)di(p) + 77 ()b )]
< [0 g+ m)e U (@b (g) + (=1 - g+ m)e v ()d (0)|

— | (p)di () (— +mnwww<wmwp+mﬂ

X [e‘imu@(p)f) (p) + "0V } }
1 5 d3p d3q 2
9 /d x(27r)32p0 (2m)32q0 ”ZZI{
[a@%@@MMﬁ+émﬁwmﬁ@ﬂEvo
e @) — 9 )} o)
B [efipx@(i) (p)di(p) — e (p)bT(p)} EA°

e @) + o )] |

3 3 2
/d3x dp g Z
(2m)32po (2m)°2q0 5=

E, [e*i(”q)%w) (p)u' (q)d; (p)b;(q)

N | —

+e'(P=D2 1) (), ) (Q)BI(Q)Bj (p)

—e DTy (1) (p)v) ()b (q)d (q)
—E, | e T 07y 10 ()09 ()d; (p)b; (q)

e P07l (p)ul) (g)b] (9)b; ()
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+ e =020 ()0 ) (g)d (p)dl (q)

— e PTOTy () (p)vl?) (Q)l;j (Q)dj(q}} }
2

_ 1 / d’p % 3
2/ (27)32p0 (277)32(]0i

=1
E, [(2@353(13 +@)o'? (p)ul? (q)di(p)b;(q)

+(2m)%6% (p — @)ut @ (p)uD (¢)b] (q)b; (p)

— (27)38%(p — v (p)vD) (q)d; (p)d} (q)

a)ut(i) (p)u!) (@)b] (a)d (0)]

po [0 (0)uD (=p)d; (p)b; (—p) = wt (i) ()0 (—p)Pl (g} (~p)
+u O (p)u ()bl (p)b; () — v (p)0D) (p)d; (p)d] (p)}
o {vt(i) (p)u (—=p)d;(p)bj(—p) — ut (@) (P (—p)bl (q)d}(~p)
~ut D p)uD ()5} ()b (0) + o1 ()0 (p)di(p) ] (v)] }

. &) 2 i e
_ 2/(2@32]902,;1 {UT( )(p)u(J)(p)b;r(p)bj(p)
_ UT(Z') (p)v(j)(p)cii(p)d? (p)}

d3p 2 XTI 5 gt
= [ o 3 (@) - dwil)]

Pbo
27r)32p0 =1

7. Gordon identities
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(a) Prove the Gordon identities

amatp, i) = 0(p,) (1 + 2+ oo~ )] i)
2ol yeey) = <0(p,) (1 + i or — p2) | i),
where

Uuu=:%Ivu,7J
(b) Prove that
u(p,) [ow (p1 + p2)"ulp,) = it(p,)(pr — p2)"u(p,)

(c) Write the current J,, = u(p,)p1vupou(p,) as

T = a(p,) | Fi(m, ¢)vu+ Fi(m, ¢)ouwq” | ul(p,)

with ¢# = ph — p/' and determine the functions F 2(m, ¢?)

Solution

a) Let us evaluate the terms PI ()p(ntional to o vy by Iepeatedly |lSi|lg
o
the Dirac E.0.M.’s

(p—mu(p) = 0 ,

@P+mvp) = 0 , opP)P+m)

and the anti-commutation relation of the y-matrices, {7, 7.} =
29,0

(p)(P—m)

S|

a(p,) |0 (o —p2>”] u(p,)

1

a(p,) [mm - —ﬁzm} u(p,)

N = N =

a2,) [~ m) = = ] ()

—_

= iyl + Sitp) [+ )
)

- _ma(g1 VNU(BQ)

1
+

u(p,) [QQWPT = P10 + 29005 — ’Y/Ué?} u(p,)
= ) |2+ o+ )ty
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which proves the Gordon identity for the u-spinors. For the ex-
pressions v-spinors the proof is completely analogous, the only
difference is the sign in front of the terms proportional to mass.

(b)

1

) ol + )" )

i(p,) [wl ) - (h +¢2m} u(p,)

M|

= ama(p, Ju(p,) + %ﬂ(&) [Wﬁl - ;sm} u(p,)
= imu(p, )u(p,)

1: — 12 2
+3000,) (20,008 — b~ 205 + 2 0l

= Zﬂ(ﬂl)(pl - pQ)Vu(BQ) .
(c) To evaluate the current let us take a look at the argument first

(and keep in mind that we can replace ﬂ(p2)752 — ﬂ(&)m and
ﬁlu(yl) — mu(gl).

Py = <2plfguu - w]ﬁl) P2
= 2piub2 — W <2p1 “p2— 152151>

= 2 <P1u]52 + p2up1 — P1 'p27u> — Pavupn

and therefore, with ¢ = p? + p3 — 2p1 - p2 = 2m? — 2py - po,
Ju = u(py)P1yupau(p,)

= u(p,) -2 <p1u]52 + poup1 — p1 'P27u> - ]52%151} u(p,)

— alp,) 2m<p1u+p2u>—<2p1-p2+m2m] u(p,)

= al(p,) | —2miouq” + (¢* + mQ)W] u(p,)

= a(p,) [Fi(m, )y + Fi(m, QQ)UWQV] u(p,)

where we have used the Gordon identity from part (a) in the last
step. Comparing coefficients we arrive at

Fi=(¢+m? and Fy = —2im.

115



8. *Dealing with 5
We introduce 75, given by

. i 01
75 =" = iy%y%yd = — g Cmpo Y = ( - )

(a) Confirm, by direct calculation and comparison that Hermitian
conjugates of the ~-matrices are given by

= 70990
Use the definition of 5 to show that

%T):%

and that
{’YIUJ7 75} =0.

(b) Show that
exp[—ifys] = cos O + iyssin 6.

(c) Analyse the behaviour of the free Dirac field Lagrangian under
chiral phase transformations given by

¥ = ¢ = explifs] ¥
ot = ot = plexp [-it]] |

and keep in mind that the Hermitian conjugate of s, ’yg = 5.

Under which condition is the Lagrangian invariant under this
transformation, 4.e. which condition must be fulfilled for £ = £
to hold true.

Solution

(a) Direct calculation yields

P = 4900 =

, , 1 0 0 +o; 1 0
it 0.:.0 __ 7
7 _777_<0—1><—ai o><o—1)
0 -0\ 0 o f
+o; 0 - —o; 0 ’
because a;r = 0.

7 = (709 1y%y)T = —iyPta2y a0t
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= —i79937%709%90709170999070 = —iy 0By 2yt

= i)’y = i’y =iyl = s

where we have used that 970 = 7°7° = 1 and the fact that the
different y-matrices anti-commute.

For the anti-commutator, we use that squaring the v* results in
plus or minus the unit matrix, (7°)? = —(7%)? = 1, and that
the v-matrices anti-commute, which yields a minus sign for ev-
ery “swap” of y-matrices with explicitly different indices. We
therefore have

{7 25} = i (Y9071 + A0yl )
p=0 1 i(y"7%9%° +1" 7
=71929% — 490y

")

=0

p=1 1 i(y0y% 0 + 40 73 ")
_ 3_ 0,23 _

’ )

)

nw=2 : 2( ~0

0

5
702 —’w’y?’ 0
,YZ

717273 Yty
= —%91y3 + 707173 =0
- 3 O,y 72

p=3 : i(yy 3 4 A0n1n2313

YOy ln2v3y
= 40923 777—0

To see how this works, remember that fnctions with matrices as
arguments can be defined by their Taylor series, and therefore

[e.9]

explifys] = Z 2975
k=0

Let us first calculate powers of s,

o _ . _ (10
75_1_(01

5=

s (0 1\ (10
BT \10) " \o1)

and we see that even powers of 5 are the unit matrix, while odd
powers yield the 5. Thus

exp[ifys] = cosf +ivyssind.

(c) Reminding ourselves that the “barred” spinor is given by @ =

17400 and therefore

¥ — ¢ = ¢l explind] Ty



Avd
Ignoring for a moment the 0 notation, the Lagrangian trans-

forms as
L—L = (z@ — m) Y =l exp[i'ygﬂ]T'yo (2(3 — m) expl[ifys|v
= of [cos 0 — z"yg sin 0] Yo (z@ — m) [COS 0 + i7ys sin 975} )
= of [(cos2 0)v0(i@) + (cos O sin ) ('ygfyoé) — 70@75>
+(sin? 0) 717 (i9)15 | v

_mw [VO cos? 0 +icosfsind <VO’Y5 - Vg’YO>

+’Y§’Yo’75 sin” 9] (0
= 07 [(cos? )ra(i9) + cosOsing (2% 1"
+sin’ 97570(1'@)75] (G
—maf [’yo cos? 6 + i cos 0 sin O <’y075 — ’y5’yo>
+ Y5075 sin’ 9] (]
= of [70 <cos2 0 + sin? 9> (z@)} P
—f [’yo <COS2 0 — sin? 9> + Y (i’y5 cos 0 sin 9)] ma

= PP —map {008(29) +ivs sin(QG)] ¥

where we have used that -5 anti-commutes with every other ~-
matrix and that its square equals to 1.

This shows that the free Dirac field Lagrangian is invariant if the
fermions are massless, i.e. if m = 0.

. *Spin Operator The spin-operator for Dirac fermions,expressed by

the v-matrices is given by

i

PR

(a) Show that it can also written as
1

S ==
5= 575700

S =

where 75 = i70717273-
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(b) Prove that the spin operator indeed satisfies the spin/angular
momentum algebra (a SU(2) algebra), given by

87, 9] = icihgh.

(c¢) Prove that

Solution

(a) Using the anti-commutator relation for the v matrices and ypy" =
1 and 7;7* = —1 we find that

i 1 1

St = 16” VM = 57570% = 5’70717273’7071 = 5297

For example, for ¢ = 1 we then have

St = Ze“’“"ym = 57273 = 571727371 = 57273

and similar logic gives us the results for + = 2 and ¢ = 3.

(b) To calculate the commutator, we will use the anti-commutator of
the v-matrices and the anti-symmetry of the Levi-Civita tensor.
We need to compare the result for the commutator with

A 1 .. 1 . .
,Lez]kSk — —ZEUkEklm’Yl’}/m _ _Z (,yz,yj . ,yj,yz)

and therefore

{Si, SJ} itk gk _ _% (77 — i)

1 ..

_ _Eezklejmn [’7k717 ’Ym’}/n]
1 .., .

— —Ee’klejmn ([wm, Ym] Yn + Ym VeV %])
1 .

_ —1736””87"” (’Yk {s ymd v = {7 Ymb vm

+Ym Ve AV I} — Ym {Vks W} %)

1 ..
= 7§62k16]mn <glm’7k’7n — Gkm M Vn + GinYm Yk — gkn’YmW)

1

— _g <61kl6jnl,yk,yn + Elklejnl’)/k’}/n . GZklﬁjnl")/n")/k _ GZklﬁjnl’Yn’Yk>
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1 . .
= e ('mn — %mc)

1/ .. o
= -3 ( i ghn —gmgﬂk> <mn —%%)

1 g o g o 1 . o
= 1 (—39” — 97"+ 3g" +7W> =-1 <7W] - 7W>

(¢) Let’s now calculate S2:

~92 1 ... .
§ :Eewkellm’)/j')’kfyl'}/m

= %6 (gjlg'“m — gjmgkl) VYRV Ym = % (vﬂwj v — v )

= 16 [(29]-19 — WV + 3%”73} =16 [*2%7 + 37y + 3%"7]}
12 3

= %=1
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6 Electrodynamics

In this section we will quantise electrodynamics, by quantising the free vec-
tor potential that gives rise to the (free) electromagnetic fields. It turns
out that this results in a somewhat more involved procedure; while the vec-
tor potential has four components, which we would naively treat as four
independent quantities — scalar fields — and quantise them accordingly, the
gauge invariance of the fields implies that in fact there are only two physically
meaningful degrees of freedom. This means that, naively exercised, our algo-
rithm of second quantisation would lead to a degree of “over-quantisation”,
i.e. trying to quantise objects that cannot and should not be quantised in a
consistent and physically meaningful way. The solution to this is to fix the
gauge before quantising the fields, which is nothing but the imposition of
additional external conditions.

The quantisation of the four potential is, as indicaed, a somewhat tricky
business. In my opinion, the best explannations of the procedure can be
found in Chapter 5 of Hatfield’s book [3], and in Section 3.2 of Itzykson &
Zuber [12].

6.1 Gauge Invariance as Obstacle

Lagrangian and Gauge Invariance, once more Remember the (free)
Lagrangian of Egs. (125) and (133),
E? - B? 1
L = —y = _ZFM F.,
where we have set the current to zero, j# = 0 and moved a factor of 47 into
the vanishing j#A, term in the first expression. It is simple to show that
under the gauge transformations of Eq. (120),

AP A= AP A

the field strength tensor F*" is a gauge-invariant quantity. In fact it is a
constant,

P P = 9P A — gV AP = OM(AY — OVA) — OM(AM — OMA)
— OHAY — VAP = FM (236)

Reminding ourselves of the connection of the field strength tensor with the
electric and magnetic fields £ and B, Eq. (122), invariance of the fields
under gauge transformations is manifest.

This has two implications, which are worth making explicit: First of all, al-
though we will explicitly quantise the vector potential A* and only indirectly,
through it, the fields, the latter are the physical quantities, measurable in
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every day life 2. Secondly, and in the context of what follows more impor-
tantly, we may use special forms of the gauge transformation, Eq. (120), to
eliminate some components of A* without impacting on the physics. But
this also implies that there are less than four physically meaningful degrees
of freedom encoded in the vector potential, and we will have to deal with
the problem of how to quantise a system that has less physical degrees of
freedom than the field that is used for its description.

Fixing the Gauge Let us discuss now some of the conditions that can
be imposed on A¥, which effectively fix the gauge. Looking at the form
of the field strength tensor it is worth noting that F% = 0, which implies
that there is no conjugate momentum for the temporal component of A*.
Defining them, as before, through

oL
7T’u = — (237)
0AH
and specialising on p = 0 yields
oL
= — =0. (238)
0A0
This motivates us to use a temporal gauge defined by
t
Alt, z) = / dt' A°(t, x) (239)

—00

which results in A% =0.

Coulomb vs. Lorentz vs. Axial Gauge It turns out, however, that
this does not yet entirely fix the gauge and an additional condition has to
be applied. Three types of gauge, with different calculational advantages
and disadvantages in different situations are frequently found:

e Coulomb gauge, defined through
V-A=0. (240)

e Lorentz gauge, defined through
oA = 0. (241)

e Auxial gauge, defined through, e.g.
A, = 0. (242)

12The impact of a finite vector potential in regions where the fields vanish is subject of
the Aharonov-Bohm effect, which is discussed, for example, in Chapter 2.6 of Sakurai’s
book [11].
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Polarisation Vectors and Degrees of Freedom To build on this idea
of gauge fixing, let us analyse in some more detail what this actually implies.
Most transparently this can be done in Coulomb gauge. For free fields, i.e.
with j = 0 and, in particular the charge density p = j° = 0, A% is not
a dynamical degree of freedom: its derivative w.r.t. time is not present
in the free field Lagrangian and hence its conjugate momentum vanishes.
The temporal part of the gauge in Eq. (239) fixes this constant then to
AY = 0, making the lack of dynamical relevance explicit. This leaves only
the spatial components of A, A, and the field strength tensor is composed
of the components of V x A, as FY = 9" AT — 97 A,

But imposing the Coulomb gauge condition by demanding that the diver-
gence of A vanishes, V- A = 0 we exposed that there is a longitudinal com-
ponent of A, Ay. By definition of it being longitudinal, V x A; = 0'3. This
implies that yet another component of F' vanishes, or, differently put, we
see that also Ay, is not dynamically relevant. This shows that the Coulomb
gauge is the one where the longitudinal degree of freedom vanishes, Ay = 0.
Not surprisingly, imposing two conditions on the four-vector A* eliminates
two of its components, and we are left with two degrees of freedom. The
logic above, eliminating the temporal and longitudinal parts of A from the
dynamical degrees of freedom means that we are left with two transverse
degrees of freedom Ar.

To make the physics of this more explicit, let us see how this works out in
practice. Assume we want to describe a quantum of electromagnetism, a
photon, with momentum k. It’s four-momentum of course is given by

k= (w, k) with w=Fko=1/k>. (243)
The relevant degrees of freedom for the photon are its two remaining po-
larisations. They are usually denoted by A = {1, 2} and represented by
polarisation vectors eé‘ /\)(kz). Fourier transformation of the gauge conditions
above then become conditions on products of the three-momentum and the
polarisation three-vector; while the temporal gauge condition implies €’ = 0
we have:
k-€xy(k) = 0 (no longitudinal polarisation). (244)
Demanding additionally that the polarisation vectors are real and ortho-
normal we have

ey (k) - €y (K) = O - (245)

3The simplest way to see this is to assume a fixed longitudinal axis, for example the
z-axis. Then the photon momentum k is parallel to the z-axis, but, in addition, also A.,
the logitudinal component, is parallel to the z-axis. Fourier-transforming the condition
then yields £ x Ar = 0 and therefore V. x A; =0.
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A simple way to guarantee this is to orient k£ along the z-axis. Then

ey =(1,0,0) and €9 =(0,1,0). (246)

6.2 Coulomb Gauge

Logic of the Procedure We will try to explicitly follow the algorithm
for the second quantisation of a field as summarised in Fig. 1, and highlight
specifically, where this algorithm starts to crash. Identifying the components
of A" as the fields to be quantised, we have:

1. determine conjugate momenta 7"

0 oL

o o= 2 g
0
= 9L 04 (247)
DA | oL
Tt = ., = *E'i-
DAi

This makes the anticipated problem of vanishing conjugate momen-
tum for A° manifest. Further down the line it will prevent us from
quantising it, because we will not be able to produce a non-vanishing
commutator between this field component and its conjugate momen-
tum: for our choice of Lagrangian, it is guaranteed that [A°, 7°] = 0
irrespective of what we try to do and therefore quantisation of A° is
bound to fail.

2. construct the Hamiltonian
As before, the Hamiltonian density expressed through the electric and
magnetic fields is given by

: E? + B?
H:Au@—c:%+g.yﬁ, (248)

where the last term obviously vanishes if we set A% = 0.
3. promote fields to field operators

4. demand equal-time commutators of fields and conjugate momenta
Due to 7 = 0 we have only non-vanishing equal-time commutators
for spatial components, namely

Ailt, 2), 75t )| = 058 —y) = — [Aitt ), Byt )

(249)
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Dealing with Ay: Gauss’ law To re-iterate: the fact that 70 = 0 means
that also the field operator vanishes and hence commutes with every field
operator. Therefore Ay is not a dynamical variable, and Ag = 0. This
means that Ag is not an operator but an ultimately inconsequential number
in our construction of a quantum field theory. However, there is a direct
consequence of it being not dynamical:

oL

oL _ B = 2
g =0 — YE=o, (250)

Gauss’ law in the absence of sources!*

We would of course be tempted to implement this as a wonderfully physical
constraint on the field operators. But this would lead to yet another way to
see the problem with the procedure. Going back to the commutation rela-
tions, and forming a divergence we would arrive at, somewhat schematically,

Z aayj {Ai(t, z), Ej(t, Q)}

- [/L-(t, x), V- B(t, y)} - —iz&jazjég(m—y). (251)

This is difficult, because while the left hand side of the second line vanishes,
due to Gauss’ law, the right hand side doesn’t. This implies that we cannot
implement Gauss’ law as an operator equation.

Dealing with Ay: Conditions on the States Realising that we cannot
implement Gauss’ law as a direct constraint on the field operators, we could
try and rephrase it as a condition on the allowed states |¢)) forming the Fock
space on which the operators then act. We would proceed by demanding
that all physical states |1) satisfy

V-Elp) =0 (252)

and would classify all states that do not fulfil this criterion as unphysical
and ignore them. It is a bit cumbersome to show that this doesn’t work
either and in fact would also violate the commutation relations.

The next weaker constraint, however, works. Demanding that for physical
states Gauss’ law is satisfied as expectation value,

(Y| VE[y) = 0 (253)

14To see this, let us go back to Eq. (119), which encodes the connection of the vector
potential to the electric field, and form its divergence, i.e.

V- E=Y-(-YA—0A4) = -V (84) = -8 (V- 4) =0,

where we have first used that Ay = 0 and then employed the Coulomb gauge condition
after switching the sequence of derviatives.
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encapsulates this part of Maxwell’s equation as an average. We will come
back to its implications at a somewhat later state.

Solving the Crisis: Transverse J-function The solution to the prob-
lem of Gauss’ law is to modify the commutation relation in such a way that
they automatically encode it. This is done by replacing the d-function on the
right hand side of the commutation relations of Eq. (255) with a transverse
d-function, (Sfjr defined as

3 tr ik -(z— 1]
0i;0 (x—y) — 51-‘7(‘1‘—9) = /( )3 etk (z=y) (51']‘ - 12 > .

(254)

The modified commutators then read

Ai(ta £)7 ﬁj(tv Q) = 153@—@ = - [Az'(ty Q)’ Ej(tv Q)} . (255)

It is easy to show that the gradient of the transverse J-function with respect
to x or y vanishes, because derivatives will produce a term 4k; multiplying
the rounded bracket, and

kik; kik?
Sk, <5Z.j _ k2j> k- Mo (256)

This means that, with the modified commutator relation, V - £ now com-
mutes with every meaningful operator, and in particular

Ailt, 2), V- E(t, )] = 0. (257)
We can therefore safely set it to 0, asserting the validity of Gauss’ law.

More Benefits of 5 As a byproduct, forming a divergence w.r.t to the
z-position yields

V-Alt 2). Byt y)] = 0. (258)
and we recover the Coulomb gauge condition V- A = 0.

Non-Vanishing Commutator at Space-like Distances But thereis a
little snag. Replacing the d-function with its transverse modification implies
that it is not guaranteed any more that the commutators [4;, E;] vanish for
space-like distances. This looks like a severe problem with the causality
structure of the theory. However, there are two answers to the problem.
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1. A is a gauge-dependent quantity and therefore essentially unphysical.
It cannot directly be measured, and therefore, any potentially harmful
a-causal behaviour may not have physical implications.

2. careful calculations reveals that while [fl“ EJ] may not vanish for
space-like distances, the commutators of the physical ¥ and B fields
and their components do vanish, irrespective of the use of the trans-
verse ¢ function.

Creation and Annihilation Operators Reminding ourselves that we
have set A% = 0, the field is expanded in terms of plane waves and creation
and annihilation operators as

2
A9 :/ 2k0 72 [G(A) a(k, Ne ™ + M (k)al (k, A
A=1

(259)

where the sum is over the two polarisations of the photons and, similar to
the case of the Dirac spinors, we have “scalar” creation and annihilation
operators for each of the polarisation states. As before, the creation and
annihilation operators enjoy commutation relations, namely

[k, 2). a'(g, m)| = (2m)2k0 8% (k = ) O (260)

with all other commutators vanishing.

More on Polarisations Note that we now also allow complex polarisation
vectors, to capture, for example circular polarisations. Assuming that the
photon momentum is oriented along the positive z-axis, k = ke,, we could
use real polarisation vectors for linear polarisations, as

0 0
=17y _ | 1 nx=2) .y — | ©
€ (k) = 0 and € (k) = E (261)
0 0
while for circular polarisations we could write
0
_ 1 1
nw(A=1,2) _ -
0=ty = | | (262
0

Using four-vectors instead of three vectors means that we replace the transver-
sality condition with k* - €, = 0, keeping the ortho-normality condition of
Eq. (245).
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6.3 Lorentz Gauge

Modifying the Lagrangian One of the issues with the Coulomb gauge
is that it is not Lorentz-invariant. To achieve this invariance, though, we
will need to demand commutator relations that fully reflect this symmetry,

Ault, z), 7 (t, g)} = g3z — ). (263)

This implies, obviously, that all four components of the vector potential have
a conjugate momentum, and, in particular, that 7° doesn’t vanish. Since
70 emerges by differentiation of the Lagrangian w.r.t A°, we must modify
the Lagrangian such that this derivative does not vanish any more. This is

achieved by modifying the free-field Lagrange density,

1 1

L= FWFy — |L=—7F"Fy — 20,42 (264)

a
2

Here, « is the, in principle, arbitrary gauge parameter, and physical results
should not depend on its actual choice. This kind of modification is not un-
known from classical mechanics, where external conditions on the dynamics
are often encoded through the method of Lagrange multipliers 1.

Modified Maxwell Equations and Feynman Gauge Adding a source
term 47j, A", the resulting Maxwell equations read

0, 0"AY — (1 — a)d" (D A) = dnj” (265)

and it is suggestive to set a = 1 to recover their original form. This gauge
choice is commonly referred to as Feynman gauge.

Conjugate Momenta As usual, the conjugate momenta are calculated

by differentiation, and we have

oL
A,

0 = —a(d-A)

uo_
Tt = ) y
T = —-Fk".

= " —qg"9-A) — { (266)

Clearly, the modification of the Lagrange density only modified 7°, which
now is proportional to the gauge parameter .

Imposing Lorentz Gauge We now have to decide how to impose the
constraint 0 - A = 0 which defines the Lorentz gauge that we chose at the
beginning of this discussion. Adjusting the commutators, like in the case of
the Coulomb gauge, is not viable, because we have already postulated the

5Gee for example the discussion in Goldstein’s book [9].
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commutation relations we would like to use, namely the ones in Eq. (263).
We also cannot impose the constraint 9 - A = 0 as an operator equation,
because this would imply that 7° = 0, and we would not be able to recover
our postulated commutator relations.

This means that we are forced down an avenue that we briefly considered in
the case of the Coulomb gauge, by demanding that we implement the gauge
condition as a condition on physical states. We realise very quickly that it
cannot be realised as a condition on physical states [1)),

d-Al)=0, (267)

for the following reason. Consider the expectation value of the commutator
relation Eq. (263), specified for p =v = 0:

(W] |A%(t, ), 70t, y)| [¥) = i6%(z — y) (Pl) . (268)
But at the same time
w0y = (0 A)j) =0 (269)

enforces that the Lh.s. of Eq. (268) must vanish, while the r.h.s. does not.
This rules out the weaker constraint as a viable, consistent option.

This leaves us the only option to encode the gauge condition by demand-
ing that it holds only true for expectation values of physical states, i.e.,
demanding that

(W9 Alp) =0 (270)

for physical states ¥. To implement this, it is sufficient to demand that for
the positive energy/frequency AL part of the field operator we have

9-Aylp) =0, (271)
because we can write
Wlo-Alw) = (] (0-A-+0- Ay ) w)
= (0-A1w) W)+ 19 Acwy =0, (272)

We will use this after we defined polarisation vectors and expanded the field
operators in plane waves and creation and annihilation operators.

Field Operators The field operators are expanded as

N 3 3 ‘ '
Au(@) _/(2:)32]% Az:;) [GLA)(E)&A(E)e’““'I + eﬁ”(k)df\(ﬁ)elk“] ,

(273)

129



where we have chosen four linearly independent polarisation vectors as

1 0 0 0
0 1 0 0
Ow =1, o=, Pw=|]| P®=],
0 0 0 1
(274)

For simplicity we assumed that the photon momentum is oriented along the
positive z-axis, k || e, It is easy to check that the polarisation vectors satisfy

EY) (k) - (k) (k) = E(A)“(E)ez(”)(k)g,\m (275)

where the differnence between labels (\) for the polarisation vectors and
their components - the Lorentz index p has been made explicit. A simple
calculation shows that the commutators of Eq. (263) are satisfied, if the
only non-vanishing commutator of the creation and annihilation operators
is given by

(), al(@)] = —(27*)2ko)grnd(k — q) (276)

Hamiltonian The resulting Hamiltonian density is given by

~ 3 3
1= [ Gt LZ (sl i) - &$<k>a0<k>] 1 em

The form of the Hamilton operator exhibits a potential problem: clearly,
scalar photons, i.e. those with A = 0, come with a negative sign, opposite
to what we want and what we know how to deal with. At first sight, this
seems to signal that our attempt at quantising the electromagnetic fields
in Lorentz gauge failed, and that we arrived at a Hamiltonian describing
an energy spectrum that is not bounded from below, despite the normal
ordering. The reason for this, of course, can be traced back to the use of the
metric tensor in the quantisation conditions, which enforces a state with a
“wrong” sign. However, careful inspection below will reveals that this is not
a real problem and that the corresponding states are unphysical, motivating
us to call them “ghosts”.

Physical States So, let us now take a closer look at some of the states
and their energies. Start with the by now familiar assertion that the vacuum
reduces to zero when the one of the annihilation operators is applied,

ax(k)[0) =0 VA. (278)
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Now, let us analyse one of the more tricky states: a scalar photon, modulated
by some well-behaved function f(k),

3
1) = [ Gmyagis S0 10) (219)

As already anticipated, the norm of this states is negative,

3 31.
sl1s) = [ oo [ i S0 (1) 0la(, 0)al (& 0)0)

= 00 [ P <0 (250
N (2m)32ko '
The minus sign of course stems from the relative sign in the metric, or,
when followed through, from the “-”-sign in front of the right-hand side
of the commutator in Eq. (276). Phrased differently, the combinations of
positive and negative energy solutions that are still allowed destroys the
positive definiteness of the norm.
So let us impose the gauge constraint 0 - A+ |1) = 0. Evaluating 0 - fl+ we
of course only take into account the positive energy solutions and arrive at

< d3k 3 |
T . . s N
0-Ay Z/ (27)32kq )\z:% [k € (k)ax(k)e ] (281)

We can simplify this further by realising that for A\ = {1, 2} the polarisations
are orthogonal to the momentum, ¢ | k and therefore k- ¢ = 0. This leaves
us with two surviving polarisations, scalar (A = 0) and longitudinal (A = 3).
Our constraint on physical states |1)) therefore becomes

0 =0-Ay[¢)

= —i / @S;,’;,m [k"e(o)(k)@o(@—k'f(g)(k)%(k) e T (282)

For massless four-momenta — k% = 0 — longitudinal momentum and energy
coincide, kj = k = ko and therefore £ - € = —k. ¢, This implies that the
gauge constraint can be satisfied if

o) — s (1) 1) =0 (283)

for all physical states [¢))
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6.4 Problems & Solutions

1. Polarisation vectors in Coulomb gauge
Assume a momentum parallel k to the z-axis and introduce left- and
right-circular polarisations /X)) (k) = 1/4/2(0, 1, +i, 0). Show by
explicit calculation that for the spatial components of the polarisation
vectors

A (A kkz
> VRGN k) =8y~ =y
A=1,2 =

Solution

In Coulomb gauge we assume the two polarisation vectors to be trans-
verse to the axis of motion, and that for linear polarisations they are
real-valued, €* = ¢, which of course is not true for the circular polari-
sations. For k parallel to the z-axis we have

0 0
Wy = | 1 @y = |
eVk)=| | and €V(k)=|
0 0
We need the product
2
A A 0 if 4,5 €{1,2 kik;
>a )(k>€§')(k>:{ 0 it zﬁzg }}16:5“_ El
A=1 ’ -

Choosing instead circular polarisations yields the following products,

i—i=1 1’17‘2”‘1:1
() /1y <) v=y=2 Z'ZjL(_;).(_Z):1
> (k) (k) = 1i+1-(—i)
= i=1j=2 HLED
1 (i) + 1.3
i=2,j=1 (l;HZO

This is the same result as before - the sum over polarisations therefore
is independent of your choice of basis (linear vs. circular, as in this
example).

16T see the first equation set, ¢ = j = 1. Then the only relevant entry is the a-
component of the A\ = 1 polarisation vector (=1), squaring it yields a 1. Similarly, for
i = j = 2 the only contributor is the y-component of the A = 2 polarisation vector. If 4
and j are any different combination, one or both entries will be zero, for each .
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Ezpert level: To write this in more convenient form, introduce a time-
like unit-length four-vector 7 (for simplicity we can assume = (1,0, 0,0)),

and
;;y:k*‘—n“ﬂf-m%w())_
(k-n)2 — k2 k| \ k

Thus, for our choice of 7, k just becomes the direction of the three-
momentum of k£, with no temporal component.

Expressed through these vectors,

2
> N ®)ED (k) = =g + muny — Eky .
A=1

. Equal-time commutators of £ and B
Compute the equal-time commutators

() [Ei(z, 1), Ej(y, 1),
(b) [Ei(z, t), Bj(y, t)], and
y, t)]

using both of the equal-time commutators

(c) [Bi(z, t), By(

[Ai(z, 1), By, 1)] = —i6;;0°(z — y)
and
[Ai(z, ), Ej(y, )] = —idjj(z — y)
and show with explicit calculation that the modification does not affect
the physically observable fields.
Solution

(a) The commutator of the electric fields is trivial; because E; = —T,

(B, 0. Bily, 0] = [fule, 1), 75y 1] = 0

according to the quantisation condition.

(b) Let us turn now to the commutator of an electric and a magnetic
field, and denote derivatives w.r.t. the y coordinates as oW v,
etc.. Inserting B =V x A, we find for the “reg.” case

[Bia. 1), By(y, 8)] = = [fle, 1), (T x A (3, 0]

= —edl! [l 1), Auly, D] = iued 8 (@ - y)
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d3k

ik(z—y)
(2m)%°

w

= Z'Eijka]iy)(sg(l - g) = ieijkalgy) /

Bk e
‘%”“/ P

while for the “trans.” case
|Ei( 1), By(y, D] = = [l 1), (¥ x Ay, 1)
= e |7z 1), Ay, D] = i) @ - y)

, &3k kik e
= 1€k / 2ny <(5il - k2l> oW eiklz—y)

d3k kikiki\  ip(e—
= —ejk:l/(2ﬂ_)3 <5z’lkk_ 2 )ek( v)

&k k()
= _E’Uk/(2ﬂ_)3kke =0

identical to the “reg.” case, as advertised. In going from the
second-to-last to the last line we have used that the product of
a symmetric combination (kjkj) with the anti-symmetric Levi-
Civita tensor (the €;i;) vanishes.

(c¢) Let us finally calculate the commutator of the magnetic fields.

| Bilz, 1), B(y, )]
- [(y(w x Az, 1)i(Y® x Ay, t))g}

= fiklﬁimnal(f)afﬁ/) [1211(&, t), An(y, t)] =0

because of the quantisation condition on the components of the
vector potential.

3. Momentum Operator pr
The four-momentum operator is given by

Pt =(H, P),
where
X 1 [ 5 T S
A= — @ |7, + VAV A, |
pPo= - / 'z |0 A00 A,

are the Hamilton and ¢th component of the three-momentum operator,
respectively.
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To show that this represents indeed the right structure, show that
[PH, AY] = —i0t AV

Hint: You may want to use the Lorentz gauge with @ = 1
(the Feynman gauge) to keep your calculation simple.

Solution

A~

H = —;/d?’x |77+ VAT A, |

= / |0, A00' A,

Let us start with the commutator of the Hamiltonian and the vector
potential,

Pi

1, A" = —% / @y [#(y)Auly) + VA ()T Au(y), 4*()]
= - [ {0 [, 2@) + [0, 2 @) 5w}

= 5 [ e - ) (A W)gl + 9 Rul0)} = i (2) = ~i0° A (z).

and turn now to the ¢th component of the momentum operator. To
use this let us remind ourselves that

= Fr — agh%- A) = 9" A" — 9V A* — agh®(d - A)

This suggests that, in the commutator, we can replace JgA” with —7¥,
and we find

(P = = [ @y (0,4 0@ Au0), 4'(0)

~

=+ [ @[, A @) 0w
= —ig" / Byd3(z — )0 A, (y) = —i0' A (z)
Putting it all together proves that
[PH, AY] = —idtAY .
and that therefore P* indeed is the momentum operator.

. *Casimir Effect

Consider the quantization of the electromagentic field in space between
two parallel large square plates of size L located at z = 0 and z = a.
The plates are perfect conductors.
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(a)

Find a general solution for the vector potential inside the capac-
itor made by the two plates, ignore the effect of the limited size
L.

Quantise the electromagentic field.

Find the Hamiltonian and show that the vacuum energy is given
by

L? d%k Oo\/2 9 nm 2 \/2 :
E== )2 [2; k1+k2+<7> + 4/ k2 + k2

Define the quantity

the energy difference per unit area in the presence and absence of
the plates. This quantity is divergent and needs to be regularised;
we achieve this by introducing a function f(k), for example

f(k) =O(A - k)

with a cut-off parameter A for the high-momentum modes of the
field. Calculate the attractive force between the plates.

Hint: You may want to use the Coulomb gauge.

Solution

(a)

Let us decompose the spatial components of the vector potential
into a part A, perpendicular to the plates (i.e. along the z-axis),
and a parallel part A”. In Coulomb gauge, A =0 and V- A, the
electrical field is given by

0A
ot~
Since the plates are ideal conductors, the parallel component of

the electric field and the normal component of the magnetic fields
vanish on the plates,

E:_

94,
P— —_— — pr— O

E) 5

z=0,a 2=0,a

B

z=0,a

Keeping in mind that the vector potential satisfies the wave equa-
tion

(07 -V*)A=0,
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we assume a solution factorising into the form
A=F(t, x,y)[Z1(2)e) + Z2(2)ey + Z3(2)es]

with unit polarisation vectors €123 where €12 live in the zy-
plane and e3 = (0, 0, 1). pointing into the z, y, and z-direction.
We therefore arrive at
0= (87 —=N?){F(t, =, y) [Z1(2)e, + Za(2)es + Z3(2)e3]}
= [Z1(2)er + Za(2)es + Z3(2)e;] (07 — 02 — 0;) F (¢, x, y)
+07 [Z1(2)er + Za(2)es + Z3(2)es] F(t, @, y)

A typical solution for this equation demands that the derivatives
lead to a constant, let’s call it k‘g, times the functions, i.e.

k2Zi(z) = 0°Zi(2)
ng(ta xz, y) = (81‘2 - 8% - 85) F(ta z, y) .

A solution for the Z; is given by
Z; = a;sin(ksz) + b; cos(ksz)

and the boundary conditions demand that b; = by = 0 and k3 =
nm/a with n € {0, 1,2, ...}. For the function F' we make the
ansatz

F = exp [—iwt + ik1x + ikoy]

with

2
wz:l:wkyn::t\/k%ﬂ—k:%—i—(m) .
a

The Coulomb gauge condition demands that
ialkl + iagkg — njbg = 0,
a

and we see that for n # 0 we can choose two independent a; and
ag, translating into two independent polarsiation in the xy-plane,
while for n = 0 we only have a mode along the z axis. This means
we have particular solutions of the form

nmz

A=F|e sin@—i—bgg cos
I a 3

and the general solution reads
e} ko 2
A = —_—
4= % e, |
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a)\(k'l, k’Q, n)e—iUJk,nt+ik1x+ik2y

) nmz nmz
(H (k, n)sin . + €5 (k, n) cos . )

W pt—ikir—1k
ai(k‘l, ko, m)e*“kntTtH 2y

nmnz

( H( )(k n)sm%—i—eé )(k: n)cosa>]

d?k iy, t+ikz-ik
+ CEE az(ky, kg, )™ hnirti ey
™ wkﬁ

+ ag(lﬂ, ko, O)ei”’“'"tiklxikw] €3

(b) Quantization now proceeds similar to the case of the photon
field in the absence of the plates. We promote the amplitude
factors ay(k1, k2, n) and their complex conjugates to operators
ax(ki, k2, n) their Hermitian conjugates and demand that the
operators have suitable commutator relations. In the case of the

setup at hand, all commutators vanish, apart from

[d)\(kla k2a n)v &A’(k{u ké: n/)]
= (27)%2wp 0 (k1 — K1)0 (ko — K5) G San

It is worth noting that while the form is different from, e.g.,

Eq. (260),

k. N). (g, w)| = (@m)°2h0 8 (k — ) O

and this difference stems from the fact that the momentum in

z-direction only takes discrete values, encoded in the n and n’'.

(c) As before the (not! normal-ordered, therefore a factor of 1/2
in front) Hamiltonian is given by a sum over all modes, and we

arrive at

2
dk1dko At .
{Z/ 2w 22‘«% — |: )\(k’ k2’ n)aA(k, k27 n)
+ ax(k, ko, n)di\(k; ko, n)}
dkidks At .
— k k k k
+/ (27?)22wk,0 [a3( k2, 0)as(k k2, 0)

az(k. ko, 0)ak(k ko, 0)] }
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For the calculation of the ground-state energy we realise that a |0)
vanishes and that we use the commutator for terms like (0| aa' |0).
We arrive at

= (0] 11 |0)

-
- ¢

2

- dkydks ) .
{g/ 2m 22wk nwk,n Z |:(l)\(k" k2’ n)v Cl)\(k‘7 k’Q, n):|

A=1

dkydky ) 4
+/(2ﬂ_)22wk(;ﬁ€’0 |:(13(]{Z7 ]{52, 0)(13(1{57 k‘Q, 0):| }' 0>

2
{Z / B D)2 ,8(0)

=1
dkidk
+/M}wm(%)22wk7052(0)}}0>
= 2/d2]€52 IQZwkn—kao
n=1

This leaves us with a first task to evaluate §2(0). Remember-
ing that this comes from the integration over the xy-plane (and
ignoring boundary effects) we have

dzdy .
2 zk:l:v—l-zkgy
20 = [ G

L2
k=0 B (271‘)2 ’

the volume of the plane, normalised by factors of 2w. Therefore
the energy is given by

_L2 [22\/k:2+k2 ) \/k:§+k§

(d) To calculate the difference in energy to the system without the
plates we have to take the continuum limit of the summation
over the discrete modes in the expression for the ground state,
and ignore the “0” mode. For the ground state energy of the
system in the volume V = L?a, but without the plates, we thus

have
L2a d3k
B, — 9./ 12 2 2
0 5 (2r)? [ \ Fi+ kS + k3
d%k 7 nmw
) 2 2
. /(ZW)Q/dn[\/kl—ka—i—(a )] :
0

where we used that k3 = n7/a with n now taking continuously.
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The normalised difference reads
E - Ey
Ae = 72

_ /(dzl; [11/k2+k2+z\/k2+k2 m)
- 7dn\/k‘% s (%)
0

9 oo 00 o0
1
= 47;3/du §ﬁ+ E \/u+n2—/dm/u+n2 :
0 n=1

0

after substituting u = a(k? +k3)/72. Including the regularisation
function f(k) we have

2

oo 2 o[ (25) o v ()

4a3
0

O/dmf<a>

2 1 0 s
T
= — |=F F -2 | F
o5 [P+ Y Fe -2 [ F@)
n=1 0
where we have introduced
o
— /du\/u+n2f <7r\/ﬂ> )
a
0
To evaluate this we use the somewhat obscure Euler-McLaurin

formula and by realising that F/(n) and all of its derivative F*)(n)
vanish for n — oo, we arrive at

2 >
Ae — M{—;F(O)—Z[?F(k‘l)(o)]}

_ _:3 [E;!?F'(O) %F”’(O) ]

where we have used that B; = 1/2 and that all other odd Bernoulli
numbers are zero. A quick calculation reveals that

dF(n) —dn?

dn N

=0
n=0 dn

n=0

F(0) =
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d3F(n)

F/l/ 0 —

=—4
n=0

and with By =1/6 and By = —1/30 we arrive at

2 4 2
Nerm ——— | —— | =—
4a3 \ 30 * 4! 720a3

The vacuum energy of the lectromagnetic field between the two
conducting plates therefore produces a weak force f,

0Ae 73

I =3¢ ~ 22001

which for ¢ = 1ym and L = 1 cm is approximately f ~ 107°N.

This is the Casimir effect, measured for the first time in 1958.
17

17Tt states that the difference of a sum and an integral of the same function can be
expressed by the Bernoulli numbers by, and (multiple) derivatives of the function as

> s [ s = > sty [14700m) - £ ]
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7 Time-Ordered Products

Until now we have quantised various free elementary fields: real and complex
scalars, Dirac-spinors, and the vector fields of electrodynamics. The result-
ing structure in each case can be condensed into a sequence of algorithmic
steps, which, starting from a Lagrange density, resulted in the expansion
of field operators as products of plane waves and creation and annihilation
operators, and we succeeded in expressing “static” global quantities such as
the Hamilton or charge operators through the latter.

This implies an underlying causal structure if the theory: in non-relativistic
field theories, which we do not discuss here, evolution is forward in time,
and for the analysis of causality it is usually sufficient to concentrate on
the positive—energy solutions only. This changes in relativistic field the-
ories, where both forward and backward evolution, and therefore positive
and negative energy solutions, are included. It is important to realise the
interplay with causality requirements of the theory - the simplest one is that
the commutator of two fields must vanish for space-like distances. It turns
out that in non-relativistic theory this cannot be achieved, which actually
should not come as a surprise. If you do not embed relativity in your formal-
ism you cannot expect to obtain relativisticly sensible results from it. In the
relativistic field theories we have discussed here, the positive and negative
energy solutions could be arranged such that the commutator of two fields
vanishes outside the light-cone, i.e. for space-like distances, but remains
finite inside the light-cone.

In this chapter we will build further on the logic and discussion started in
Sec. 4.3, and we will analyse the propagation of particles. This first step
towards a dynamic picture of quantised field theories is deeply connected
to the notion of Green’s functions, which will return to us in this chapter,
and called propagators. They will fortify the notion of the negative-energy
solutions as anti-particles, which travel backwards in time, with opposite
charge. We will also see how the wrong commutator (or anti-commutator)
for a given statistics (Bose—Einstein vs. Fermi—Dirac) destroys the causality
structure of the theory.

In this chapter of the lecture notes I have amalgamated time-ordered prod-
ucts for the three Quantum Field Theories we discussed so far — for some
additional reading, I’d like to refer you to Sections 3.5, 4.3, and Chapter 5
of Hatfield’s book [3], or maybe take a look at Sections 2.4, 3.5, and possibly
4.8 of Peskin & Schroeder [1].
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7.1 Greens Functions: Non-Relativistic Quantum Mechanics

What is the Green’s Function? Consider the time-dependent Schrodinger
equation for a point particle,

(2 ) wor = (24 T V)l = 0. s

m

It is formally solved through the introduction of Green’s function, G(¢, z; t', 2’):

Y(t, 2) = (zlY(t)) = /dgw'G(t z; ', 2 )t &) . (285)

The interpretation is clear: the wave function (¢, z) at time ¢ and position
x in position space is constructed as the superposition of all wave functions
at all positions 2’ at an earlier time ¢/, and the Green’s function parame-
terises the “strength” of the connection. Because it this has been couched in
the framework of non-relativistic Quantum Mechanics the maximal velocity
of causation (speed of light in relativistic physics) is infinite, and the connec-
tion is instantaneous. The Green’s function G is also called the (retarded)
propagator.

Construction of the Green’s Function The interpretation of the Green’s
function above suggests that it is the solution of 18

ot

<ia - H) G(t, z; 1, 2') = §(t =)z —2'), (286)

with the boundary condition that it vanishes for ' > t. This allows to
rewrite it as

Gt,z; t',2)) = K, z; t', 2)O@1 —1t), (287)
where K (t, z; t', 2’) is the transition amplitude
(z, tla', t') = (z| Ut ') |2') (288)

and
¢
U(t, t') = exp —i/ dr H(1)| — exp [—iﬁ(t - t’)} (289)
3
is the unitary time-evolution operator, Well—knqwn from Quantum Mechan-

ics, which reduces to the second expression if H does not explicitly depend
on time.

8You may be reminded of the definition of Green’s function in (classical) electrodynam-
ics; in fact for each differential operator O the corresponding Green’s function is defined
as solution of OG = §, with a product of -functions of pairs of arguments.
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Free-Particle Propagator: Direct Solution in Momentum Space
As a simple example consider a free point particle in Quantum Mechanics.
Its propagator (Green’s function) Gy is a solution to

za_ - N
<8t H0>Go(t,:c,t,x) =
2

<:92+V>Go(t ity 2) = o(t—t)6 (z—2'). (290)

A simple way to solve this equation is by Fourier-transforming on, resulting
in

(w - ;) Go(w,p) =1 (291)

and therefore

(292)

Position Space The back-transformation into position space is formally
achieved by

o on [ @®p dwexplip- (z—2) —iw(t — )]
Go(t, z; t', 2') = /(2#)32% w_gg/@m)

(293)

This however does come with two interesting problems:
1. the integral obviously diverges for w = Q2 /2m, and

2. the propagator G does not satisfy the (causal) boundary condition,
i.e. it does not vanish for ¢’ > ¢.

There is a way, however, to solve simultaneously both problems. And this
is how it works, we deform the energy integration by shifting the pole on
w = p?/2m by a minimal amount of —ie* into the imaginary plane — here
and in the following, e represents an infinitesimal positive number. This
yields the retarded Greens function

dp dw explip - (z — ') — iw(t —t')]
G\t x t, ) = / s 294
o bzt z) (2m)3 27 w—p?/(2m) —iet (294)
Cauchy’s theorem asserts that the energy integral yields
exp|—iw(t — t')] p ip*(t —t')
= Ot —t —= 7| 2
/ 2m w—p?/(2m) — i€t o ) exp 2m (295)
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Therefore the overall result is given by

3 c2 t _ t/
6wt o) = | (ng)?s O(t — ) exp [_zp(Qm)—Hp (x—w')]

= ﬁ/ dpi 5 O(t —t') exp [—ip?(t_t,)—i-ipi(mi —952)]

2m

im(z; — x;)Q]

oo\t —t 2t — ')
— 3 . 3
Ot —t) on(t—t) © [ z_; ]
B , —im ]2 im(x — 2')?
=0(t—-1) [2%(1&—1&’)} exp [ 20— 1) } . (296)

We have made use of the fact that we can write this integral as a product
of three integrals, one for each spatial component of p, then completed the
squares in each component of p, rendering this a product of three Gaussian
integrals.

Propagator from Position Space Transition Amplitude An alter-
native way to arrive at the same result rests on the identification of the
propagator with the transition amplitude times the boundary condition,
Eq. (287). Using the free particle Hamiltonian in Eq. (288) we have

i
exp [—;:n(t - t')] ﬂc’>

- [t e b oo e [

Ktz ¢, 2) = <x

)

— / (gjr’)’ . (‘;];/3 <p p’> exp [ip . x] exp [—Zi(t - t’)] exp [—ip’ .x/]
= / (gi’)’g exp [_éi(t —t) +ip- (:c—ac’)] : (297)
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In going from the first to the second line we have use the fact that momentum
and position space kets are connected through a Fourier transform,

3 .
= / <§w]>)3p ), (298)

and in going to the third line we have replaced the operator @2 with the
eigenvalues p corresponding to its eigenkets ’Q> Of course, they form an
ortho-normal base, such that their scalar product is a § function,

(p|p') = 2n)*5*(p—p'). (299)

Including the ©-function which connects the transition amplitude with the
restarted propagator, this is exactly the same result we already obtained
with the more direct method in momentum space.

7.2 Propagators in Quantum Field Theory: Scalar Fields

Scalar Theories The Green’s function for the Klein-Gordon equation,
i.e. the propagator of the free scalar field is defined by

(O+m?) Go(z, ') = id*(x —2'). (300)

Fourier transformation results in

—1

(=p* +m?) Golp) =i — |Golp) = (301)

p2_m2

As before, the Green’s function exhibits a pole when the energy-momentum
relation is satisfied, that is, when the particle goes “on its mass-shell” or
“on-shell”, and as before this is repaired by shifting the pole in the complex
plane by an infinitesimally small amount of ie™ away from the real axis.

Time-Ordered Products and Green’s Functions In what follows we
will show that the Green’s function is also given by the vacuum expectation
value of a time-ordered product,

Golz, 2') = (0| Th(x)p(2') |0)
=0t —t') (0| p(x)p(2") |0) + O —1) (0] d(2) () |0) .

(302)
When expanding these products in terms of the creation and annihilation
operators, it is worth noting that @|0) = (0|4’ = 0 and that we therefore
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can replace products aal with the commutators of the two operators, when
they are sandwiched between vacuum states. This leads to

Golz,2') = (0| T(z)d(x")|0)

Br BK
= t— t/ —ik-xtik’-x Ak A k;’
o —%) / (27%)2ko (27%)2K, € (0la(k)a’ (k) 0)

Bl BE il ot
+®(t/_t)/ (27r3)2k0(27r3)2/€66+k (o akhalt (k) [0)

d3k d3K’ eomik! !
— oy —tk-x+ik’-x A ~t 1t
ol t)/(27r3)2k0 (27%)2k; o [a@, a @) o)

3 31./ ) o
o _t)/ (2:3)];k0 (2:352/@(]6““% ol [a), a'®)] o)

d3k —ik-(z—1x' ik-(z—x'

=0t —-t)A(z—2) + O —t)A_(z —1). (303)

The similarity with the vacuum expectation value is striking — it is given by

&3k N o
- _ B —ik-(z—2') _ _+ik-(x—2a')
Alz=y) / (273)2kq [e ¢ }

=Ay(z—2")— A_(z—2), (304)

cf. Eq. (163), where in both cases the sign indicates whether the energies,
i.e. the kg come with the correct or wrong sign for a wave the evolves
in positive or negative time direction. This means that the propagator is
composed of two components: a +-component of forward propagation, and

a — component of backward propagation of a particle with four-momentum
k.

iet-Prescription To finish the discussion of how to arrive at the correct
Green’s function, let us remember the property

dw —ie™?
O(t) = lim — .
(*) e—0t 2T w — 1€

(305)

We plug this into the result for the time-ordered product above and close the
contour integral above or below the real kg-axis for t —¢' > 0 and t —t' < 0.
We also introduce a “dummy” energy wy, = \/k> + m?2 which we will identify
with the “proper” kg at some convenient point of the calculation. With all
these steps we arrive at

de3]€ —1 . / . ’
G N = 1 i(w—ko)(t—t")+ik(z—z")
(@, 0) = I | ook ot g

4 e—z‘(w—ka)(t—t')—i@@—g’)]

147



= lim
e—0t

/ dwy,d3k —ieth(@=2") 1 N 1
(27r)4 2ko ko —wp —te ko + wg — 1€
_ dwpd3k —ieth-(@—a')
lim -
e—0+ (2m)t k2 — wi + e
/ dkod3k  —je ik (@=2)
(2m)* k2 — (k* + m2) + ie

= lim

e—0t

- / U i os —?
(2m)4 k2 —m? + et

:t/<gglelh@ff>AFua = Ap(z—a'). (306)

This is obviously the Fourier transform of our propagator from Eq. (301),
and it confirms that indeed propagators are time-ordered products. It is
also called the Feynman propagator of the theory.

7.3 Fermion Propagator

Direct Solution As before for the Klein-Gordon equation, the propagator
for the free Dirac field is defined by

(Z@ - m) GO(x7 IE/) = 7’54(1' - wl) ) (307)
or, in momentum space,

B=m) Golp) =i — Galp) = 5 =BT a0y

In the last step we have used that pp = p?. There are a couple of things
worth noting of this propagator. As before, it exhibits a pole for on-shell
particles, where p?> = m?, and, as before, we will cure this by shifting the
pole in the complex plane by ie*. This is in complete analogy to the case
of scalar particles. In addition we realise that the numerator, (p + m),
represents a matrix in Dirac space. This is not a surprise, as the propagator
connects two Dirac spinors and their components. What is structurally more
interesting is that this matrix is the completeness relation for the u-spinors
from Eq. (215), and we will see the emergence of analogous terms later
when we discuss the propagator of the photon field. However, to build more
confidence into our interpretation of the propagator we will now check if we
can recover it as a time-ordered product of two spinor fields.

Time-Ordered Product The starting point to building a time-ordered
product for fermions is to construct the transition amplitude for a positive-
energy fermion to move from x to y, naively

(WD (@) = 0]d(y)dt(z)]0) . (309)
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But we must also include the opposite case of a negative-energy fermion to
go from y to x, taking into account Fermi statistics. Making time-ordering
explicit through O-functions we therefore arrive at

iSp(y, 2)7° = (0]4(y)d" (2)|0) O(yo — z0) — (0| YT () (y) [0) O(z0 — yo),
(310)

or, in a more compact form

iSp(y, ) = (0] Td(y)d(z)|0) (311)

Since @@ and 1) are spinors, Sr is a matrix in spinor space, as already antici-
pated. Let us now include the expansion of the fermion fields in place waves
and creation and annihilation operators. Making spinor indices explicit, us-
ing the fact that b]0) = d|0) = 0 and 0b' = (0| d!, and taking into account
that [l;, a?] = [l;T, CZT] = 0, which makes their products vanish, we arrive at

iSp(y, ©)sa = (0| Ts(y)da() |0)
2

a3k d3q
- <0 / (27)32k, (27)32q0 Z

i,0=1

[e_ik.y-m'q.xgi (E)B;r (g)ug) (E)qj(j) (g)@(yo — x(])

(67

— etumaad;(g)d! (k)of)) (6)55) ()0 — vo)| 0>

2

_ e+ik~(y—z)vg) (E)@g)(k)@(l‘o — ZJO)} 0>

= < '/ = 3%0 —zk~(y—r)(k+m)ﬁa Oy — 70)

= O () g O (a0 — )| o>. (312)

Repeating the same steps of replacing the © functions with integrals, suit-
ably closing the contours and keeping track of the relative signs in the re-
placement of the “dummy” energy with the real energy, we arrive at

. A% s [ +
iSF(Y, ©)ga = /(277)46 ey )[Zw]ﬁ ) (313)

k2 —m?2 +jet
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the Fourier transform of Eq. (311), modified by the now familiar ie prescrip-
tion.

7.4 Photon Propagator

Feynman (Lorentz) gauge As before, the E.o.M. for the field will pro-
vide the kernel for the Green’s function. In the case of the free electromag-
netic field we have to realise that

e the propagator will have two Lorentz indices, to become a matrix in
Minkowski space. This is necessary, because it connects two photon
fields and their components, which are labelled by Lorentz indices.

e we need to cast the homogeneous (j = 0 )Maxwell’s equations for the
vector potential from Eq. (265) into a suitable form such that it has
two Lorentz indices that can be contracted with the two indices from
the propagator.

We therefore arrive at

[0°0,9 — (1 — @)D,0,) G (z, ') = itz — x')gﬁ, (314)
and Fourier transformation results in
[P° g — (1= a)pupy] Gif (p) = —igh, (315)
or
1—a)pup igp.
G — (JPQ‘L” @) =~ (316)

To arrive at a solution we realise that there are only two possible tensors
without any mass dimension and two Lorentz indices and make the ansatz

g9"° — REE
Go’(p) = —iTp. (317)
We solve this by realising that this implies that
L —a)pup pp’
G — ( p2) : V} [gyp - 2 | 9 (318)

and therefore K = (1 — a)/a. Therefore the photon propagator, including
the iet term reads

g — 1— o kE*EY

14 . 2
D (k) = —i——m e L, (319)

which in Feynman gauge reduces to the simpler form

_Zg)uy

PR = e

(320)
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Time-Ordered Product To arrive at the same expression using time-
ordered products we employ the Feynman gauge from the beginning, where
the completeness relation for the polarisation vectors is given by

3
YNV (k) = g (321)
A=0

Using the by now usual @|0) = 0 relation allows to simplify the time-ordered
product and the propagator reads

D,ul/($a y) = —i <O’ TAH(:E)AV(?/) |0>
o BE &g
—! / (27)32kq (27)32q0

3
> <O ‘ [Q(fﬁo — yo)e KTV 4, (k)af ()M (k) s (q)
A,k=0

+ O(yo — wo)e Y a (g)af (1), ()l ()] | 0)

, Be S ik (=) () (1) +(V)
= i [ e 2o (0[O0 —wre e ¥ V)
A=0

+ 6(yo — wo)e ) &N (k)M (k)] | 0)
. 43k —ik-(z—y) +ik-(z—y)
= —Guw / m [@@70 —%o)e + O(yo — xo)e }
= —igu [O(z0 — yo) Ay (z —y) + O(yo — w0)A_ (7 — y)]

A4k e~ tk(z—y)
= —ig., : )
"I /(27r)4 k2 +idet (322)

This is, of course, the Fourier transform of the propagator of Eq. (320)
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7.5 Problems & Solutions

1. Green’s function for a free particle in Quantum Mechanics
Consider, once again, the free Hamiltonian, Hy = @2 /(2m) with eigen-
states labelled by their momentum, |p).

(a) give the (time-dependent) Schrédinger picture wave functions of
the eigenstates in position space,

Vp(z, t) = (z[p)

(Hint: don’t forget the time dependence!)

(b) show that the Green’s function is given by

3

Gla. .o/, ) = 0 =) [ Fhu(a 0030 1)

(¢) show, by Fourier transformation from times ¢ to energies w, that
for time-independent Hamiltonians the Green’s function can be
expressed by the energy eigenstates F,, as

o iw(t—t")
G(:U,t,,.%’,t)—/ Zw E —’L€+

—0o0

when discrete energy eigenstates are assumed.

(d) (this is “expert level”) using principal value decomposition

lim
et 50T — et

I
775 +imd(x)

show that the density of states p(w) is given by the imaginary
part of the retarded Green’s function

Solution

(a) To construct the wave function add the time evolution to a set
of momentum-space basis kets [p) = |p(t = 0)) and insert a 1 in
the form of 1 = [ d*p[p)(p|

Up(z, 1) = (z|p(t)) = <fv exp —i/dt’ﬁ(t') p(0)>
0

= <x p<o>> - <x

exp | —tEpt




3,/ 52
8B ]

3
_ / ((; p)/3 T = 2m) (97353 (p — p) = efrrmpit/(2m)
s = b

(b) Inserting the wave-functions above,

d3p
o N oy %/ 1 4l
d3p 3 N2 ’
_ o zg(g—g )—ip*(t—t")/(2m)
ot —t) / on) ¢ :

exactly the form found in the lecture.

(c) For discrete energy eigenstates, the wave functions can be labelled
as ¢y (z, t), and the integral over momentum eigenstates collapses
to a sum over energy eigenstates — in the end this is only a change
of basis from one orthonormal set to another. In this case,

G(£7 t; 7£/7 t/) = @(t - t/) Z %(L t)"/};(£/7 t/>
En

For time-independent Hamiltonians, the time-dependence of the
basis kets factorises such that

1%(% t) = eiiEnt Qpn(@)
and therefore
Ot — ) bu(z, )@, ¢') = Ot — t')e Fn =Dy, () ()

Simple Fourier transform with respect to the time-difference, and
using the trick from the lecture results in

+o0 d
w ) , . / 1
Yo+ iw(t—t) —ibn(t—t') _ .
/ o @( )6 € w — En — i€+
)

This allows us to recover the expression quoted above.

(d) Assuming an isolated system where the Hamiltonian is time-
independent the retarded Green function is obtained from Fourier
transforming with respect to time, assuming the correct (i.e., re-
tarded) time ordering:

o0

GUY(x, t;,2/, ') = /

—0o0

dw /
iezw(tft )G(ret) (g, £I7 w) 7
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where i 1/) ( N
(ret) n
G (z, 2/, w) Z -

Using the prinicpal value decomp051t10n above, we see that

Re [G(ret)(g, z, w)} = ZP(M>

Im [G(“’t)(z, z, w)} = 7Y (@) (z))d(w — En)
As a consequence the (discrete) density of states p(w) is given by

@)Y 8w~ B) = I [ %60 (2, , )

2. Feynman propagator for the Dirac Field
Use the completeness relations for the u and v spinors, the integral rep-
resentation of the ©-function and suitable substitutions for the energy
integral to show that indeed

dp . p+m
_ ip-(y—x)
Se(Y, ©)ga Z/ (27r)4€ {pz —m?+ i€+:|ﬁa

Solution

In the following we will use b|0) = d|0) = 0 = (0|bT = (0|d" and the
completeness relations Y u(p)u(p) = (p+m) and > v(p)v(p) = (p—m)

iSp(y; 2)pa = (OIT [¢5(y)Ya(@)] |0)
= (0 (y)¥(2)|0)O(yo — o) — (0[(2)¥(y)[0)O (20 — yo)

d3
— <o q

7)32pg (27)32q0
Z Ui (p)u® (p) + el ()0 )

% [ez‘qw(;;(q)ﬁ@)( )+e” zqwd (q )17(7)(q)]

_ 0/ d3p d3q
27)32pg (27)32q0

v Z [lebT ( )+e” qud( )o (j)(q)}

3,j=1

X | hi(p)ul (p) + e Vd] (p)o ()| 5‘ 0> O(z0 = 10)

«
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- <0'/ (2:)33172190 (2:)33q2q()

2
> [0 1) 01 0 - 20

7’7]:1

B ei(p-y—q-x)czj(q)dj(p)vg) (p)oY ()0 (2o — yo)] ’ 0>
- (0] e

2
> [ef@-yq-x) {B:0), 8@ } uf) (0)F (@O0 — 20)

i?.]zl

:<o

> [ei(p'yq'x)u(ﬂi) (p)u (¢)©(yo — o)

iJ:l— ei(p'y*q'“)vg) (p)3Y)(q)O(zo — yo)] ‘ 0>
= <0 '/ (273?2190 [e_ip'(y_m) (# +m) s, O(yo — 20)

_oir(y—a) b — m)ﬁa O(xo — ZJO)} ’ 0>

Using the representation of the ©-function,

o) :/dwem

o w — et

’p d’q 353
/ @920 (2r)P2ge 02072~ 00y

substituting pg = £(E, —w) in the first and second term, respectively,
and flipping the sign in the second term (in the third step below),
yields

3 ' |
/ (27T)d3(g}_m [e_lp(y_x) (p+m)O(yo — o) — PV (P — m)O(xp — yo)]

_ / & dw e~ Ep(yo—zo)+ip(y—z)+iw(yo—zo) (p(wO )
(2m)3(2E,) | 2 (w—ieh) = T
_ / ’p du P00 ) et o) (P’ —p-v—m)
(2m)3(2Ep) J 2m (w —i€t) - w=Ep+po
/ d3p dpg e~ PoWo=T) TR (950070 — 2E,p - v + 2E,m]
(2m)3(2E,) | 2« (Ep — po — i€*)(Ep + po — ie™)
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dtp e Polwo—z0)Hi(y=2) (4 4 ) dip e~ PW=2)(p + m)
/ (2m)*  E2—p?—m?+iet / (2m)* p?2 —m?2 +iet)

In going from the secon to the third line we have put both terms onto
one denominator, replaced the integral over w with an integral over
po, and we shifted the sign of the spatial integration, going from —p
to +p in the second term. In the second to last step we have first
replaced pg = p? +m? and then identified E, with pg. Therefore, the
propagator reads

: d*p e PEmM
iSply—n) = [ e o L

. Propagator in general Lorentz gauge Show that the photon prop-
agator in general Lorentz gauge (arbitrary «) is given by

1—a kuky
Ak ey G +

OT LA, (A1) = [ e e

Solution
Let us start with the propagator in Coulomb gauge,
iG (= y) = (O|TTA,(2)Au(y)]]0)

Plugging in the expansion of the A and realising that @(k, A)[0) = 0
this results in

iGu(z —y) = (0|T[A,(2) A, (y)]|0)

_ d3k d3q 2
- /(277)3(2160) / (27)3(2q0) AZ eu(k, Nev(q, %)

, k=1

Oy — zo)e (g, r)al (k, A)] ' 0>
2

_ dgk d3q
- /(2ﬁ)3(2ko)/(2w)3(2q0) AZ eu(k, New(g, k)

, k=1

x [=(2m)?6% (k — q)(2k0)d,]
x <O ‘ [(9(960 —yo)e R 1 O (yy — xo)e—iqy”’”)] ‘ 0>
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2

d3k
=~ | G 2 ol Vet N

=1
X <@(900 — 40)e* W) 1 O (yo — xo)eik(‘r—y)>

B / Ad*k g — ny ny + kuk,
N (2m)4 k2 + et ’

where we have used the polarisation sum in Coulomb gauge from the
previous problem, and the usual trick of replacing the © functions with
an integral.

Obviously, the polarisation sum defines the numerator of the propa-
gator, while the denominator stems from the integral representation
of the © functions and the implied causality structure. Naively, we
would like to directly use the polarisation sum for the electromagnetic
field in Lorenz gauge, but this is not entirely straightforward due to
the implied gauge constraint. In Coulomb gauge we could directly
produce a set of polarisation vectors that satisfy this condition. Un-
fortunately, this is not straightforward in Lorenz gauge, because the
gauge condition 9, A" = 0 does not allow the same simple identifica-
tion of vanishing longitudinal polarisations. We will therefore have to
resort to yet another trick.

To see how this works, let us take a little detour. We have already
produced propagators for scalar and Dirac fields, given by

iD(z —y) = (0|T[¢(z), ¢(y)]|0)
dip e (=Y d*p —ip-(z—y
= [ = [ a0
ZSF(.TU - y) = <0‘T[¢($), i(y)HO)

dp _. p+m dp _,
— —ip(z—y)___ £ T _ —ip-(x—y)
/ (277)46 P2 — m2 + iet / (gﬂ)ﬁ Sr(p)

In both cases they can be obtained from the solution of the classical
E.o.M.. For example, for a scalar field with Lagrangian

1
£ = 5 (0u0)(0"0) — me?
we have the equation of motion

oc oL o

and, therefore, the Green’s function is defined by

(0,0" + m?)G(x —y) = i6*(z — Y) -
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A solution is readily obtained by Fourier transforming and inverting
this equation:

~ ~ —1

' +mHG(p) =i — Gp) = ————
(=pup”" +m*)G(p) (p) R
where the e takes care of the causality structure of the theory. Equat-
ing the propagator with the classical Green’s function yields the de-
sired result from above. The same also works for the Dirac equation,
where the Lagrangian

L =9(id —m)v
gives rise to the E.o.M.

(i@ —m)p =0,

and, consequently, the Green’s function is defined by

(i —m)G(x — y) = i6*(x —y).
As before the solution is given by Fourier transforming and inverting,

F-mCp) =i — C) Z' pim

:ﬁ—m—l—iﬁ - p2—m?2 +iet

where we have used that (p —m)(p +m) = p*> — m?.

We are now in a position to apply this to the electromagnetic fields in
Lorenz gauge, starting with the Lagrangian

1 o
1 2
= [0,A)(0" A) + (0, 4,) (2" A")

L=——F,F" — —(0,A")?

—(0uAp) (9" A") = (9, 4,,) (9" A”)] = (9, A%) (8, A7)

o
2
Realising that these are just scalar products (all indices contracted)

allows to “swap” the “names” of indices as long as the structure of the
products is conserved. Therefore

L= — 5 [@uA) (0" A”) — (3A,) (" A")] — 5 (9,A")?

The equations of motion are given by

o oc
0=050,4,) ~ a4,

1 14 14 124 14 14
= _§8p [gpﬂgmﬁ"A + gﬁgaauAu — Gpugor0” A" — gpggauAV}
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—ad,9”° 0, A"
= —0,[0PA7 — 07AP 4+ a0P0,A%] = —g,,0A7 — (1 — «)0,(0,A")
and therefore

[_ngD - (1 - a)aoap] GP,U(:L" .73/) = _i9564($ - l‘/)

Fourier transforming the resulting definition of the Green’s function
results in .

[P°9pe — (1 = a)pop,] GP(p) = —ig
To invert the kernel (the object in the square brackets) , multiply it
with a suitable ansatz and demand that the result equals 1. Realising
that the only tensors with two indices p and p that can be constructed
are the metric tensor g°* and pp*/p? justifies to try

P bt
g — A2

2

p
Therefore we solve the following equation for A
! gPr — N2
g% = [p*gpe — (1 — a)p,po] 2 P
"
— g —[l—a+Ar-A1-a)PD
p
which yields
1—
l—a+ia=0 — A=-—"2
o

The Green’s function is therefore given by

LoV
- g
G (p) = —i-

In Feynman gauge (o« = 1) this conveniently reduces to

2 Y

GH (p) = )

the result from the lecture.

. *Propagator for the Schrodinger field
The Lagrangian for the non-relativistic spin-less Schrodinger field ¢ is
given by

=it T~ o (L) (V8) - Vi)l

In the following we will quantise this field and construct its propagator:
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(a) derive the Euler-Lagrange equations of motion for ¢ and its con-
jugate ¥T;
(b) find the canonical momenta 7 and 7'

(c) promote the fields and momenta to operators and demand equal
time commutation relations;

(d) expand the fields in plane waves and creation and annihilation
operators, taking into account that this is a non-relativistic field
theory in which negative-energy solutions are absent;

(e) calculate the commutators for the annihilation and creation op-
erators;

(f) express the Hamilton operator through the creation and annihi-
lation operators;

(g) calculate the free-field propagator

Go(zo, T3 Yo, y) = —iO(z0 — yo) (0 (w0, )¢ (yo, y) |0)
and show that it satisfies
<z'a A&

ETRs 27n> G(t, 23 0,0) = ()0 (z).

For this proof you will have to use that the d-function can be
represented by
(@)= m ([% e
la]—o0 T

Solution

(a) equations of motion:

oL oL oL
0 = %550h TYarmen  ou
I TR S 1
= Lo v Lo Vi
I PN e
_ [zaﬁmv V(r)]w
e oc  oc

Y@ TVarwe) v
| 1 |

= + [z‘@t — %VQ + V(r)] i
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(b) conjugate momenta:

T o= %:in
o 2
oL i
e
ot 2Y

(¢) we will demand that the non-vanishing commutator is

bit, z), Wi, y)] = i@ - y)
and all others vanish.

(d) expansion of the field operators in plane waves and annihilation
and creation operators:

A 3 .
i) = [ el

~ 3 .

and we allow only positive energy solutions for the particle field
(), and for the expansion of the field ¢ we form the Hermitian
conjugate of 1.

Note that we have not included the term 1/(2F) for the wave
expansion — it emerged in relativistic field theory from integra-
tion over the field’s energy when using the d-function encoding
relativistic energy-momentum-relation. This term, obviously, is
not present here, in the case of non-relativistic fields.

(e) commutators for @ and af. Assume we have
[a(k), @'(a)] = 48*(k - )
and we have to fix the constant A:
iz —y) = [0t 2), 7 (1, y)]
= i [i(t, 2), ¥t y)]

/g:;)/(;jg)) [d(@, &T(g)} o ik-atigy

zo—yo=
) d®k d*q 4 —ik-atig
_ zA/(%)S/(%)?)d (k — g)eikatizy
A3k ik iA
- ZA/ 2)6 W= (Qﬂ):ﬁ‘s (z—y)

and therefore A = (27) and

(
k), al(g)] = (2m)*6*(k - g)



(f) The Hamiltonian is given by
H = m)p+ngl —L
= ot — bt = Lot F o — 2 (vuty - _ f
5 (v —wiit) [zw 0 1= 5 (V1) - (T) = V()wly
1
- T . T
(T - (V) + V()wly,
the sum of kinetic and potential energies, as expected.

(g) To evaluate the free propagator we will use the non-relativistic
energy-momentum relation Ej, = kg = k?/(2m) and the fact that
@ |0) = 0. This allows to calculate free propagator as

Go(zo, 5 Yo, y) = —iO(z0 — yo) (0] ¥ (z0, 2)?" (y0, ) |0)
d3k d3q ) . )
- _ —i(koxro—qoyo) ,i(k-z—igq-y)
iO(zo yO)/ (27)3 (271)36 €

x (0]ak)at(a)|0)
. d*k d3q —i(kozo— i(k-z—ig-
= —Z@(ﬂ) _yO)/W(2ﬂ_)3e (ko 0 qoyo)e (E, gg)
x(2m)36%(k — q)
. d3k ik?(xo —
= —Z@(:Eg—yo)/(27r)3 ex [_M

To evaluate the last integral, it is useful to write the exponent in
components; completing the squares reveals that this is nothing
but a (shifted) Gaussian integral,

/ Bk exp [_MJrih(ﬂc—y)]

+ik-(:r—y)]

(2m)3 2m
3 ° r .72
dk; iks(zo —yo)
-1 [ G e | ikt )
o r . 9
_ / 45 ep |0 = %0) (kj _ m%—ya))
ey 2m I 2m To — Yo

im(xj — yj)2
- 2(wo — yo) }

3 .
- m ey | (@5 = yj)?
a Zl;Il 27i(zo — yo) P [ 2(zo — yo) ]

and therefore

m )]mex [im(m—y)

Go(zo, 23 Yo, y) = —1O(z0 — yo) {Qm(xo_yo 2(z0 — o)
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To show that this satisfies the definition of a Green’s function we
apply the differential kernel of the free E.0.M., and using V- = 3
we find:

i0 V2
(615 + 2?’77,) GO(ty xZ; 07 Q)
(i V? m 13/2 ima?
= <8t+2m> {@“) 5] exp[ 2 ]}

i ma?

= {5@) —o(t) [Qt ST
g (B YA [T e [

m 73/2 imxz?
= a0 [5] ew | 5|

Using now the following property of th J-function

a 2
O(x) = i —e .
(TL') |a\li>noo \/;e

a = —im/(2t) = m/(2it) =3 0o

with

due to the §(t) we see that indeed

i 2
<a(2 + 2vm> Go(t, 3 0, 0) = 8(t)8°(z) .-
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8 Interacting Fields

8.1 Perturbative Expansion: Born Series

Green’s Function for Full Theory In the previous section we have
analysed propagators, and identified them with the Green’s functions of free
theories. We will now extend the treatment to also include potentials such
that the Hamilton operator can be written as the sum of a free Hamilton
operator plus some interactions,

H=H+V, (323)

in the simplest case a potential. Going back to Eq. (286), where we have
defined the Green’s function this means that we now have

(Zat - IEI)G(t’ Z; tlu E/)
- (z'at ~ - V) Glt,z; ¥, &) = 6t —t)B(x—2). (324)

A formal solution can be obtained by starting with the Fourier transform of
the free Green’s function, signified with a symbol

1
w — Hy

w—Hy) Gy =1 —s Go= , (325)
(= fho)

where we have for the moment suppressed the ie prescription. The Fourier
transform of Eq. (324) can therefore be rewritten as

(w—f[)é:(il—f/)(}:l. (326)

Go

This can be formally solved, and

-1y (327)
G Gy
or
G- 1 —. (328)
L v
Go

Born Series After Fourier back-transformation we arrive at the implicit
equation

Gt,z; t', 2') = Golt, z; t', 2)

+ / ArdeCo(t, w7, OV (1, )G(r, & £, 2'), (320
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which can now be expanded in powers of interactions with the potential.
This is called the Born series or the perturbative expansion of the Green’s
function. For it to converge we implicitly assume that interactions with the
potential are sufficiently small. Replacing explicit time and space coordi-
nates with four-positions ¢, x — x;, the Born series therefore reads

G(rn;z0) = Go(zn; Z0)

+ /dl’lGQ(:IZN; 371) V(azl) G(Clil; xo)
+ /dl‘1d£€2G0($N; $2) V(J:‘g) G(.%'Q; :El) V(xl) G(xl; :Eo) ey (330)

where in non-relativistic theory we assume a strict time ordering,
IN 2 tN—1 2 tN-—2- ">ty =11 > 1p. (331)

Truncating this series after the first non-trivial term, i.e. after one interac-
tion with the potential is called the Born approximation.

8.2 Interacting Field Theory: General Thoughts

Quantisation and Particle Interpretation In principle we could try
and quantise interacting theory as before, by promoting fields to field oper-
ators and by demanding suitable equal-time commutation relations. How-
ever, the equations of motion for interacting fields are usually not linear
any more, due to the potential terms responsible for the interactions and
featuring more than two fields. This prevents us from being able to solve
them in closed form and we therefore lose the ability to expand the field
operators in products of creation and annihilation operators and some wave
that captures the solution of the E.o.M..

But this means that it is not entirely obvious any more how we arrive at a
meaningful particle interpretation for our fields. One way to answer this is
to realise that ultimately we want to be able to compute numbers that we
can compare with the experiment. In particle physics, we usually have two
colliding particles, which produce more particles in their interaction. This
means that we are mainly interested in being able to calculate cross sections.

Transition Amplitudes between Asymptotic States The cross sec-
tion for a process is proportional for this process to occur. In quantum
mechanics this probability is given by the absolute square of the amplitude
M, [My4|?, for the transition of an initial state |i) to a final state |f),

Myei = (fli). (332)

The definition of these states is subject on how they are being prepared (for
this initial state) or measure (the final state). For perturbation theory to
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work, this means that they must be prepared or measured infinitely far away,
both in space and time, from the point where they collider — this assumes,
of course, that the interaction between the states vanishes with increasing
distance. This assumption of asymptotic states is crucial for us to be able
to calculate in a quantum field theory'®.

The S matrix There is yet another problem, while the states |IS) span-
ning the possible initial states of our collision are eigenstates in the initial-
state Fock space of the theory, the corresponding final states |F'S) live in
the final-state Fock space. These two sets of states are related to each other
through the S-matrix such that [FS) = S|IS). Therefore the transition
amplitude within the same Fock space is given by

Miei = (f1S]i) . (333)

In this chapter we will discuss first steps on how to calculate the S-matrix
elements, i.e.

Spi =My = (f|S|i) . (334)
Operators and Pictures From Quantum Mechanics we know that there

is a dichotomy between fields and operators and how they evolve over time,
and it has become customary to distinguish between three pictures:

1. in the Schriodinger picture, the operators 0 (z) are time-independent,
and it is the states that carry the time-dependence,

[6(8)) = exp [ (t — to)] [1(t0)) ; (335)

2. in the Heisenberg picture, the states that carry the time-independent
and the operators O) (z.t) are time-independent,

O (¢, z) = exp [iﬁ(t—to)} O ) (o, z) exp [—iﬁ(t—to)] . (336)

3. in the interaction picture, the Hamiltonian is split into a “free” part,
Hjy, and an “interaction” part, Hin such that

01, z) = exp [iM,(t — t0)]| OV (2o, z) exp [~iflo(t ~ t0)| . (337)

and the time evolution is distributed over both operators and states.

19This is because the interacting fields are not identical to the free fields: the vacuum
of interacting and free theories is potentially different, and we only know how to quantise
the latter. This implies immediately that the states |i) and |f) are eigenstates of the free
field theory but usually not eigenstates of the interacting field theory. Their interactions
with a cloud of virtual particles around them, from the surrounding interacting vacuum,
will ultimately force us to renormalise the external field, a topic well beyond this lecture
course.
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The exponential terms exp[—iH (¢ — to)] are known as the time evolution
operator,

Ult, to) = exp[—iH(t — to)]. (338)

Time Evolution and Perturbation Theory Let us now take a closer
look at the field operators in both the Heisenberg and the interaction picture.
It is important to stress that in the following we will only sketch the logic of
how, starting from the interaction picture, we arrive at an expression that
can be perturbatively evaluated.

Assuming an explicitly time-independent Hamiltonian, and identifying the
operators at time ¢t = ¢y with the Schréodinger-picture operators, é(s)7 their
relationship is given by

¢(H) (t,z) = eiH(t—to)i)(S) (g)e_iﬂ(t_to)

_ eiﬁ(tfto)efiﬂo(tfto)qg(f) (tO) g)eiﬁg(tfto)efil:[(tfto) . (339)

Similar equations naturally also hold true for other operators in the inter-
action picture.

We now redefine the time-evolution operator in the interaction picture such
that the “free” time-evolution is factored out:

UD(t, to) = expliHo(t — to)] exp[—iH (t — to)] . (340)

Although it looks as if the two exponentials could be directly multiplied,
to result in an exponential of the interaction Hamiltonian alone, this de-
ceptively simple picture is misleading and hold true only, if Hy and Hiy
commute. This, however, is usually not the case and one would have to
resort to the Baker-Hausdorff formula to directly calculate this operator.
Instead, let us construct a differential equation to determine U@, Differen-
tiation with respect to time yields

(1 . ) ) .
Z,8U( )(t, to) _ eiHO(t—to)ﬁO(to)e—iH(t—to) _ eiHo(t—to)ﬁ(to)e—iH(t—to)

ot

. eiHO(t—to) _ ﬁo(to) e—iﬁ(t—to) _ eiﬁo(t—to) ﬁint(to) e—iﬁ(t—to)

_ iHo(t*to)fI. «(to )6iH0(t*to)eil:fo(t*to)efiH(t*to)

= ") T, 1) (341)
The formal solution to this differential equation is given by

TD(t, to)

t o0
- / dt; > | (i / dt / dts ... / dt, D e HD (1) H D (1)

to n=0
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t
=T |exp | —i / a BD @y ||, (342)

int

to

where we have used the time-ordering symbol T', that we already encoun-
tered when we constructed propagators for the fields.

Connection to the S-Matrix Recalling that the S-matrix describes the
transition from the initial to the final state, with the former in the infinite
past and the latter in the infinite future, we can connect it to the interaction
Hamiltonian and write

+oo
S= lim 0Dt )=T |exp | i / afdOn |l 3a3)
t+—+oo

To evaluate it we will usually go back and expand the exponential to arrive
at an expression like the first line of Eq. (342), and we would truncate
this series after the first few terms. This is well justified if there is a small
parameter — usually a coupling constant — in the relevant parts of interaction
Hamiltonian that steer its size.

8.3 Interacting Field Theory: \¢*

Lagrangian & S-Matrix We will now specify the results of the previ-
ous chapter to a Klein-Gordon field with quartic interactions. This theory,
specified by its Lagrangian

1 m? A
L= 5(3;@)(8“@5) - 7@1)2 - I(#’ (344)

is probably the most used example on how to construct and evaluate inter-
acting field theories. The Taylor expansion of its S-matrix elements is thus
given by

st = i+ (57) [ate (r]r [ o

+ <_41,A>2 / dizdly (f|T |6 @) W) |i) + ...
(345)

This perturbative expansion will succeed, if A is sufficiently small. It is
worth noting that the first term, (f|1]¢), reduces to a § in initial and final
states.
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S-Matrix vs. Creation and Annihilation Operators Let us now see,
how we can evaluate this expression. We will discuss a 2 — 2 scattering
process, where two ¢-particles with momenta p; and ps scatter to become
two ¢-particles with momenta ¢; and g9, p1 + p2 — q1 + q2. This means
we will have to manipulate expressions like (g, g,;out|p p,;in) between the
in-space and the out-space. For the sake of clarity we will keep a notation,
where we make it explicit to which space the states and operators belong.
Let us start by using creation and annihilation operators to move one of the
in-particles, Py from the state-ket into operators:

<g1g2;0ut ‘ ngz;in> = <g1g2;out ‘dT(Ql;in)’BQ;in>
<g1g2; out ’&T(Eﬁ out)’gz; in>

+ <g1g2; out ‘ (dT(Bl; in) — ELT(BI; 0ut)> ‘ P in> .
(346)

The first term vanishes, unless one of the two momenta 45 =Dy But this
would mean that one particle would not really participate in the scattering,
something that is usually called a “disconnected diagram”. In such cases
we wouldn’t calculate an amplitude that contributes to a scattering cross
section, and we ignore contributions like this. This leaves us with the second
term. Here, it is important to realise that the in-operator lives at times
t = —oo, while the out-operator is positioned at time ¢ = 4o00. This will
help us when we re-express the creation and annihilation operators a! and
a with the field operators ¢.

External Particles through Field Operators Starting from Eq. (145)
to write the creation operator as

(k) = / @™ [y d(t, 2) + (1, )

_ /d?’a: [(‘altaezkx> qAS(t, x)-i—eik'mgiﬁ(t, x)]

— / Bz [eik'“”gﬂt, g)}

at(k) = —i / &z [e—i’”?m(t, g)} , (347)
where we have redefined, for this chapter,
a'9'b = a(9b) — (da)b. (348)

This allows us to replace the in-space and out-space creation operators in
Eq. (346) with expressions for the field operators from Eq. (347). Using that

/ &z f(t, z) = / ) / &P f(t, z) = / dwof(t z)  (349)
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allows us to replace the in-space and out-space field operators gﬁin and qumout
with the field operators in the limits ¢ - —oo and ¢t — +o0 resulting ulti-
mately in

<Q1g2; out ‘ PPy in> = <Q1g2; out ‘ (dT(Bl; in) — &T(Ql; 0ut)> ‘ 2% in>

. PERN A
= —§ t'l~i>r1;loo /dgsv {e_zpl'z %) <q1q2;out [gé(tf, z;out)

—(ts, z; in)} ‘pQ; in>}

ty
= — . Er{lm /dt /d%gt [e_ip1'$<5><q1q2;out p2;in>}
typ =t gy
= —i/d4x [E%eip” <q1q2;out pz;in>
+ e7Prey? <q1q2;out 2% in>]
o(t, )

Py in>
Py in>]

o(x) j2% in> . (350)

o(t, x)

(t, z)

o(t, x)

= —i/d4x [(VQ +m2) e 1T <q1q2;out

A~

o(t, x)

—ip1-T 92 .
+e 0; <q1q2,out

= —i/d4x e 1T (Dx + mz) <q1q2;out

In going from the third to the fourth line we have used that e~ is a
solution for the Klein-Gordon equation, which allowed us to replace the
energy square E? with (Bf +m?), and in going from the fourth to the fifth
line we have integrated by parts, which shifts the V2 from the plane wave
to the field operator. This step is possibly only because the interaction is
localised, ¢*(z) and we assume that the fields vanish fast enough for z — oo
such that the surface terms equal zero.

In a similar way, we can “pull” a state from the final-sate bra through
annihilation operators into a field operator, and we arrive at

<g1g2; out ‘$($)‘Q2;in>

PR
= —¢ lim /d?’y {e_’ql'y 0 <q2;out

t; & —oo
ty = foo

|:(£0ut (tf7 Y3 out)&(:v)

~o(x)o(ti, in)] ’p2; in>}

= z'/d4y ety Oy + m2) <q2;0ut

T [306)] | pin) . o)
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where the time-ordering results from the limits for the temporal integration.

Lehmann-Symanzik-Zimmermann Pulling all particles from the bras
and kets into the fields we arrive at the Lehmann-Symanzik-Zimmermann
(LSZ) formula; for our case of four particles it reads

<q1q2

p1p2> :(—i)Q(i)2/d4x1d4:1/:2d4y1d4y2 {e—i(p1~;r:1+p2-a:2—q1~y1—q2~y2)
x (O, +m?) (Opy +m?) (3y, +m?) (Oy, +m?)
< (0)r [dtmdtmiteni] o)} e

The pattern is clear: each external particle with momentum k results in an
integral over all space, d*z, and obtains a plane-wave factor exp(=ik - x),
an inverse propagator term?’, and is represented by a corresponding field
operator in the vacuum expectation value of a time-ordered product of such
operators. The inverse propagator terms ultimately reduce the S-matrix
to the normalised residue of this vacuum expectation value by, pictorially
speaking, “truncating” (cutting off) the effect of the external particles prop-
agating to the interaction zone.

Wick’s Theorem To evaluate the perturbative series encoded in the LSZ
formula, Eq. (352) we will use Wick’s theorem. It connects time-ordered
products of field operators with their normal ordered products and products
of Feynman propagators. Without any attempt at proving it we will just
state it for some examples below.

1. For two field operators we have

~

T [9@)d(y)] =:d(@)dw): +Ar(x — ), (353)

2. and for four field operators it reads

~ ~ A~

T |d(z)d(a)d(as)dlas)| = ol ><Zs< ><2>< 3)(wa):

+ ) 9 ): Ap(zy — 1)
1<j;k<l
+ Z Ap(x; — 25)Ap(z) — x7)
i<jii<kik<l
(354)

20Tt is easy to see, by Fourier transformation, that (O +m?), indeed is (p*> —m?), up to
some phase factor.
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By using that the vacuum expectation value of any normal-ordered product
vanishes when sandwiched between vacua,

<0 ‘;g?)(xl)é(xz) o q?)(xn):‘ o> —0, (355)

and by realising that the Feynman propagators are just numbers, for ex-
ample Eq. (301), and that therefore the vacuum expectation number of any
product of them just equals their product,

(0|Ap(z1 — x2)Ap(xs —24)...]0) = Ap(z1 — 22)Ap(x3 — 4)... (356)

we see that the vacuum expectation value of the time-ordered product of
fields reduces to a product of Feynman propagators and, possibly, “vertex
factors” related to interaction points, where three or more of these fields
interact.

0t'-Order Let us now see how this plays out for the 0*-order term, where
we merely have the four field operators. This is equivalent to the term
(f|1]3), the first term in the perturbative expansion of Eq. (345). Coing
back to Eq. (352) we therefore end up with

<q1q2 p1p2>

- /d4x1d4x2d4y1d4y2 {ei(pl'““’?'“ql'ylq2'y2)

1

X (Oay +m?) (Qx, +m?) Oy, +m?) (Oy, +m?)
X [ Ap(z1 — 22)Ap(y1 — y2)
+Ap(z1 —y1)Ap(z2 — y2)
+Ap(r1 — y2) Ar(z2 — yl)] }
= /d4x1d4x2d4y1d4y2 {e_i(pl'wl+p2'r2_m'yl_qQ'y2)

X Ty +m%) oy +m) (Fy +m°) (O, +m)

d4]{31 d4/€2 e—ikl(xl—xg) e—ikz(yl—yz)
/ (2m)* (2m)* k2 —m? —iet k3 — m2 — et

d4k1 d4k2 e_ikl ("El_yl) e—ikz(xg—yz)
/ (2m)4 (2m)4 k2 — m2 —iet k3 — m2 —iet

/d4k1 dky e thi(@i—y2)  g—ika(z2—u1) ]}

(2m)* (2m)* k2 — m2 — iet k3 — m?2 —iet
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_ /d4x1d4:):2d4y1d4y2 {e—z‘(p1-x1+p2~$2—q1~y1—q2~y2)
Ak d*ky 0 92,0 9\2
< | @yt (1) (2]
e—tki(z1—12)  o—ik2(y1—y2)
k¥ —m? —iet k3 — m?2 — iet
e~ thi(yi—=1)  —ika(y2—22)

+ - ;
k%—m2—16+k§—m2—ze+
e*ikl (y2—z1) efikg (y1—z2)
+ ; ;
k? —m?2 —iet k2 —m?2 — iet

4 4
- [ Gt (4 = m®) (5 = m?)

X

. { 5k + p1)8* (1 — p2)3* (k2 + 41)5" (k2 — g2)
+0% (ki + p1)d* (ky + q1)6% (k2 + p2)d* (k2 + q2)
#8°0 +)8° s + )5+ 95+ )
— { 8*(p1 — p2)6* (@1 — @2) (P} — m?) (af — m?)
+ 84 (p1 — @1)8* (p2 — q2) (pT — m?) (p3 — m?)
+84— 5" n — ) (7 ) (5 —?) | . (357)

Looking at this, we realise that the first term will vanish if all external
particles have positive energies - which they should as we want to calculate
a physical cross section. This leaves us the last two terms where particle p; 2
transit directly, without interaction, into particles g1 2 or vice versa. The
absence of an interaction should not come as a surprise: as a starting point
we have only sandwiched the free theory between initial and final state.

1%-Order This however changes, when we go to the first order of pertur-
bation theory, or the first term with an interaction Hamiltonian sandwiched
between (f| and |i), i.e. the second term on the right-hand side of Eq. (345).
In this case, and in order to arrive at connected diagram, i.e. those where
all external lines are connected through propagators, we will have to con-
nect the four outgoing particles with the interaction vertex. Integrating over
all possible permutations of possible connections and over all space for the
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vertex position we arrive at

A~
/d4z: <q1q2 : T 4(2) : p1p2>
_ é Z d4a:1d4:c2d4y1d4y2d4z {ei(pl-lerpz-a:zqrylqz-yz)
4!

{z1,%2,91,y2}

X (Dxl + m2) (Dx2 + mQ) (Dyl + mz) (Dy2 + m2)
X |:AF(I1 —2)Ap(xy — 2)Ap(z — y1)Ap(z — yg)} }

= — i) / d*z1dwady1dtyad? {ei(m-m+pz-wzqry1qz-w)

/d%1 d%s d%ks d'ks
(2m)* (2m)* (2m)* (2m)*

X (Dzl + m2) (Dzz + m2) (Dyl + m2) (Dyz + m2)

}

_ i)\/d4x1d4x2d4y1d4y2d4z {ei(p1-x1+p2-fr2q1'y1q2'y2)

e—ik1~(z—m1) e—ikg-(z—mQ)

X X -
ki —m? +iet k3 —m? + iet

e~ ths(yl—z)  ,—ika-(y2-2)

k3 —m? +iet k3 — m? + iet

/d4k1 dks d'ks Ak
(2m)* (2m)* (2m)* (2m)*

X (k‘% - m2) (k‘g — m2) (k‘% — m2) (ki — mg)

}

I:(27T)454(k1 + ko — k3 — k4)

o—iki-(z=al)  g—iky(:—22)
8 [ K2 —m2 +iet k3 —m2 + ict
o—iks(yl=z)  g—ika-(y2—2)
k3 —m? +iet k3 — m? + iet
. _A/ A%, dhs diks dik,
(2m)* (2m)* (2m)* (2m)*
x (2m)*0% (k1 — p1)(2m) 8" (k2 — p2)

< (25 (kg — q1)(2m) 40 (h — q2>]

= (2m)'* (p1 + p2 — @1 — @)iX. (358)

We realise that, after this long calculation, the amplitude for the 2 — 2-
scattering including one interaction vertex is given by the value A of the
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interaction vertex, when taking into account the 4! combinations of combin-
ing the four external legs with the vertex.

Feynman Rules This finding allows us to formulate simpler rules for the
construction of amplitudes. The LSZ formula above guarantees that we only
have to take into account interaction vertices connecting the internal lines
for particles, and we know that they are given by the time-ordered products
— or commutators — of the fields. This gives rise to the Feynman rules for
the A¢* theory, namely

—1
p2 —m?2 + et

—iA

2"d_Order Amplitude Let us now construct a second order amplitude for

the 2 — 2-scattering, using the Feynman rules from Eq. (359). Labelling in-
coming particles as 1,2 and outgoing particles as 3,4, we find three different
diagrams, namely

(a)

(b) (c)
1 3 1 3 1 4
q
2 4 2 4 2 3 (360)

Let us focus now on diagram (a) and translate it into an expression for the
amplitude. We have

s _ (Y / d'k  diq —i —i
S\ 4 (2m)* (2m)t k2 —m? +iet ¢ —m? 4 et

41)2
2

—~

X

(2m)*5(p1 + p2 — ¢ — k)(2m)*6(q + k — ps — pa)
2

A
=37 (2m)*0(p1 + p2 — p3 — pa)

d*k 1
< | @ e e O

where we have introduced P = p; + ps. The two factorials 4! from the
interaction vertex are compensated by similar factors from attaching lines
to the vertices, but modified by 1/2. This “symmetry factor” stems from the
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fact that there are two internal lines connecting the two vertices at positions
y1 and ys, taking out a combinatorial factor of 2!. For diagrams (b) and (c)
we arrive at similar expressions, where P is modified to become P = p; — p3
and P = p; — p4, respectively.

Closer inspection of the k-integration reveals that this diagram gives rise to
a logarithmic divergence. To see this, consider a limit where k becomes in-
finitely large, £k — oo. In this limit the integral assumes the asymptotic form
of d*k/k*, and using polar coordinates in four dimensions, we can write this
as k3d3Qdk/k*, where d3Q) takes care of the finite angular integrals. This
leaves us with a final integral dk/k which diverges for k — oco. This consti-
tutes yet another divergence in Quantum Field Theory, and, similar to the
treatment before, it is cured by subtracting suitable terms, this time directly
in the Lagrangian. These terms are constructed after “regularising’ the inte-
grals, i.e., after quantifying the degree of their divergence and its prefactors.
The overall procedure of dealing with these ultraviolet divergences is known
as “renormalisation”.

Cross Section To arrive at a cross section o;_, 5 for a process i — f, we
have to

e absolute-square the transition amplitude, |Sy;|?

e sum or average over all outgoing or incoming unobserved internal de-
grees of freedom such as spins, polarisations, or colours, indicated by
the symbol >

e integrate over Lorentz invariant phase space given by the outgoing
momenta, g;

e and multiply the result with the Lorentz-invariant flux that describes
the phase space density of the incoming particle beam (the term 1/(4,/--~)
in front of the overall expression).

Expressed as an equation and using that p%Z = miQ, and making four-
momentum conservation explicit this therefore reads

1
4y/(p1 - p2)? — pip3

/H dz»f];E Z |5yl (2m)"6" (pl +p2—Zqz> (362)

For the case at hand, we have the first-order amplitude from Eq. (358).
Stripping out the overall four-momentum conservation it is given by Sy; =
iA. Assuming incident momenta

(E, 0,0, £V E? —m?), (363)
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we arrive at
A2
4\/(2E2 —m?2)2 —m?

Oi—sf =

d3q1 dBQQ 4cd
2 — o —
. / (2m)32E; (27)32E> (2m)7°0% (1 +p2 — @1 — ¢2)

A2 dSQl
- 91)3(2E — Ey — E
TN ol T T PR S
A2 2d|q. [d20
_ /ql ’2@1| —O6(2E — 2, /% +m?)
Rr2EVE? —m? ) 4g+m?) -
A2 (E? —m?)dE,
- 5(2E — 2F
327 EVE? — m? / E? ( J

A2 m2
BT ) (364)

for the cross section at the lowest order in the couplnig constant, O(\?)
where we have used polar coordinates for the g¢i-integration and realised
that d| g1| = dF;. The cross section has units of inverse energy squared or
area and is usually given in units of “barn”, where

lbarn = 1b = 107%m?. (365)
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9 List of Problems

’ Section‘ Page H Title

2 15 || Levi-Civita symbol
16 || Boosts and rotations
17 || Inverse Lorentz transformation
18 || *The Generators of the Lorentz group
22 || *Poincare transformations
24 || Lagrange and Hamilton Formalism: Example Systems
26 || Conserved Energy from Hamilton function
27 || Quantum Mechanical Harmonic Oscillator
3 45 || General Solutions for the Klein-Gordon Equation
47 || *Klein-Gordon equation in Two-Component Form
49 || Euler-Lagrangr Equation of Motion
51 || Massive Vector Field
52 || Electrodynamics with Gauge-Fixing Term
53 || Free Schrodinger Field
54 || *Equations of Motion with Boundary Conditions
55 || Symmetry and Conserved Current
56 || *ASU(2) Symmetry
57 || Energy-Momentum Tensor
4 72 || States and Operators of the Real Scalar Field
73 || Wave Functional from State Vectors
74 || Two Real Scalar Fields Equal One Complex Scalar Field
79 || Momentum Operator
81 || Causality and Anti-Commutators (Real Scalars)
82 || Commutators for Free Real Scalar Fields
84 || *Properties of the Charge Operator
85 || *Parity of a Scalar Field
5| 101 || Dirac Equation and Anti-Commutators
101 || Commutators with the Dirac Hamilton Operator
103 || *Direct Solution of the Dirac Equation
104 || Dirac Spinor Relations
109 || + Algebra
110 || Dirac Hamiltonian from Creation and Annihilation Operators
116 || *Dealing with s
118 || *Spin Operator
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’ Section‘ Page H Title

6 | 132 || Polarisation Vectors in Coulomb Gauge
133 || Equal-Time Commutators of £ and B
134 || Momentum Operator P*
135 || **Casimir Effect
7 | 152 || Green’s Function for a Free Particle in Quantum Mechanics
154 || Feynman Propagator for the Dirac Field
156 || Propagator in General Lorentz Gauge
159 || *Propagator for the Schrodinger field
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