Some Examples

Summary: The structure of Feynman rules and how
to build Feynman diagrams

Summary: Four-vectors and two-particle phase space
Example T Higgs decay into fermions.

Example Z: Electron-positron annihilation into fermions

The structure of Feynman rules

@ Interactions of the fermions:

On the level of fundamental particles (quarks,
leptons). there are only two types of interactions or
vertices that are dallowed for fermions:

C'Guge interactions  The specific interaction occurs only, when the
fermions have a corresponding charge:
=+ Electromagnetic charge for photons
+ Colour charge for gluons
= Weak charge (isospin) for W bosons.
= The Z boson couples to both electric charge
and weak isospin.
All interactions are proportional to the
corresponding coupling and the ur:narge“.

The structure of Feynman rules

General structure
e In dll interactions, charges are conserved.
e |n dll interactions, total four-momentum is conserved.

e In dll interactions, baryon and lepton number are
conserved (quarks and leptons must come in pairs)

® Le/o'l'on number is conserved per family in the

Standard Model.

® There are never more than four Par'l'icles entering a
fundamental vertex (funny enough two fermions
count as three particles)

The structure of Feynrnan rules

e Interactions of the fermions:
On the level of fundamental particles (quarks,
leptons). there are only two types of interactions or
vertices that are dallowed for fermions:

Interaction with the Higgs boson

This interaction is proportional to the
mass of the fermion — it therefore
vanishes for neutrinos and it is important
only for the members of the third family:
the top and bottom quarks and the tau

lepton.



The structure of Feynman rules

® Self-Interactions of the gauge bosons:
apart from the interaction with the fermions, the
gauge bosons may interact among themselves, but
only, if they carry corresponding charges.

The self-interactions of the gluons

The gluons carry a colour
charge — therefore they
“see” each other. However,
there can be maximally four
gluons in one fundamental
vertex. This is true for all
gauge bosons.

The structure of Feynman rules

® Interactions of the gauge with the Higgs bosons:
Leaving aside self-interactions of the Higgs boson,
there is only one more type of interaction namely
between gauge and Higgs bosons. They reflect the

mechanism that gives mass to the gauge bosons

wZ W2 s The WWH and ZZH
”, interactions are proprtional
P to the mass of the gauge
N boson. The WWHH and
S ZZHH vertices are “gauge”

\

' weak coupling.

W; w'z ~ interactions, proportional to a

The structure of Feynman rules

® Self-Interactions of the gauge bosons:
apart from the interaction with the fermions, the
gauge bosons may interact among themselves, but
only, if they carry corresponding charges.

The interactions of the W bosons The photon and Z boson

see”’ the weak and
w electromagnetic charge of the
Z W bosons. For the 4-boson
vertex the combinations with
4 and 2 W bosons exist.
w There are no fundamental
self-interactions without the

W -bosons!

How +to build Feynman diagrams

“Cookbook™ recipe for tree-level

® Label the external particles (legs) and their momenta in a unique way

(eg. p, to p,) and group them in dll permutations of N

@ Take pairs of neighbouring particles and check whether there is any
vertex mapping joining them. If so. draw the line of the particle and
repeat this step until all particles are connected.

® Make sure the arrows on the fermions are correct (direction for
/oarﬁcles/an‘ri—parﬁcles)‘ In the Standard Model. there are no “clashing”
arrows. Any fermion-line can have arrows only pointing along one
direction of the line.

® Note: For meson decays it is sometimes useful to decompose the meson
into its quark content — one of the quarks may be a non-interacting
spedafor.



How to build Feynman diagrams How to build Feynman diagrams

Examples: Examples:
e ete — / T o There are two diagrams, both in the s-channel, e et — I,{-"‘f' W~ .
e where the electron-positron pair fuses into a gauge _ There are three diagrams, one
boson - either the photon or the Z-boson. The e AN W with an exchange of a neutrino
a’ l2 'J + 012 in the t-channel and two with

Higgs boson has been omitted here, due to the

small electron and muon mass. Lepton flavour a three-gauge boson vertex The

Higgs boson has again been

conservation disallows vertices where an electron

e r‘ and a muon are joined by a gauge boson. omitted here, due to the small
- = electron mass.
U — Velle
L This time, there is only one diagram, because the W
2 \é neutrinos have no electrical charge and because in Y i d
the Standard Model, they are massless The catch !
- J here will be the treatment of colour — more later. v w -
u e Cl
How to build Feynman diagrams F our-vectors and phase space
Examp/es: F our-vectors:
e D — I{Oe’ﬁe ® Summary of calculation rules — index free:
This time. the trick is to know the flavour 525 PORPTE 7)) =2 __ 2 "2 "2 "2
' =p-p=FE°—p°=FE“—ps —pz —p°
composition of the mesons and to guess/reconsfrucf I E 4 I Py [y I
the transition taking place on the quark level. P po = El E2 = ﬁ |- ﬁz
Typically. there is then one spectator involved. in
; o 2 2 2 ¢ o 2 ; 2
this case the d-quark (pl = pz) =p + P35 + Zpl cP2 =My, > (TTZ] + 772-2)
This is a tricky case, since there is no way that ® Energy-momentum relation (aka “on-shell condition™)
flavour changes when coupling to a photon — pz - E2 _ [—)‘2 —m 2

therefore such a transition, if allowed, has to be
mediated by loop-level diagrams, one of which is . . . L ,
shown herey T)’;Caf/y. in sich cases, two instances @ Four-momentum conservation ('FOF P s P2 = p3 +p4)
of the CKM matrix are needed. Such processes

have a very high phenomenological significance.

Py +ph —ph —pif =0 = &*(p} + ph — p§ — i)

often the indices are omitted in the delta-function



F our-vectors and phase space

The delta-function:

® Proper'l'ies

/(hf( 2)o(z — ) else

-{ 4
/dxo (kx —c) = %./‘dxé(x—c/k)
[ ass@r=

/ dzf(z)é(x® — a?) =

[ ] /rrl‘egraﬁon over volumes:

/ dof(#)0%(E - G) = /(@)

F our-vectors and phase space

Disen‘f’ang/e energy and three momentum for the remaining
four-momentum. Use the Theta-functions for the energy
interval, Use Po/ar coordinates for the three-momentum:

d*py = |p1[2d|py| sin 6d0de = pidpid cos@de = pidp;d®Qy

e Write I*=(M,0) = (P—p)* = (M- E1)’ - pf

e This yields
M

© 2 2( g
dPS® = / dE, / ”1‘1‘”7?1“215(152 —m?)

472

x8((M — E1)? — p2 —m2)

F our-vectors and phase space

The phase space integration, revisited:

. (14') d*p.

(Z"r)é(pl — ml)O(El)(2"r) y(p5 — m32)O(Es)

e First step: Do the 4-d volume integral over P, with the 4-d
delta-function. This implies that ph = (P — py)*.

x d* D1 5 .
v(") = - = e 2
dPS / n)? ~8(p7 — m)S((P — p1)® —m3)

O(E1)O(E — E1)

F our-vectors and phase space

® Do the integral over the ‘I’hree-momen'l’um wrl’h help of the
first delta-function, leading to: [)] = B? 1 771| . Use this in
the second delta funchon

dPS® = d Q]

/dE1 S(M=*—-2ME, + rm — m))
2/0]

® fixing the enerqy to read

M2+ m?2 —m2
2M

‘1




F our-vectors and phase space

® The final expression yields

dPs® =

A2 p1 A2 /(M2 — m} —m32)? — 4mIm3

A2 AM  4Ax? 8M?2
® The kinematics in the rest frame is entirely fixed by:

M? £ (m2 —m3)

Ey o= 2
e 2M

: :/):\/(A[’ m3 —m3)? — dmim3
o= 2M
I7l = _[72 = pé’p

Cross sections

® From the phase space, the final expressions for scattering
cross sections P1 + P2 — P3 + P1 can be written as:

I — . ml d
do = |Mia_34|? 75| -

44/ (p1p2)? — m3m3 44/(p1 + p2)* 47°
where the squared matrix element is summed over dll

outgoing spins and colours and averaged over the incoming
spins and colours.

® Typica//y the kinematics is fixed in the cm. frame of the
incoming Par‘l’icles — in the massless case this reads:

M= E(1,0,0,£1)
ph 4 = E(1, £sin 6 cos ¢, £ sin 6 sin ¢, + cos #))

Widths

® From the phase space, the final expressions for decay widths
I’ — p1 4+ po can be written as:

dl' =

where the squared matrix element is summed over dll
outgoing spins and colours and averaged over the incoming
spins and colours.

® Typical/y the kinematics is fixed in the cm. frame of the
decaying par'l‘ic/e — in the massless case this reads:

P* = (M,0,0,0)
Pro = M/2(1,£sin0cos ¢, £ sin O sin ¢, £ cos 0))

Examp/es
Higgs decay into fermions

® There is only one Feynman diagram

! :

H : 1
- = (Mp_gfl* ~ v_f

{

® The full amplitude squared, summed over dll spins (but not
over colours, if f is a quark) is given by

4m

|MH—>ff|2 (Pf Pg— f”f)



Examples
Higgs decay into fermions
e The width is given by

. . ) .
/ d0%. gp= T / dPSYD| My, 7l

® Using the decay kinematics and four-momentum conservation

pH = ps +p5
yields
D2 10 -
M P 2mimy 5 dm7
H—ff 2 nz%

Examples:

ee-annihilation into fermions

® On/y the final state consisting of a massless fermion pair
will be considered. There are two F eynman diagrams

s =z
+

® The two internal lines, on the amp/ifude level, behave like
1
p2 — M2 +4iT'M

if M is the mass of the particle and T is its width
Obvious/y, both are 0 for photons.

Examples:

Higgs decay into fermions

® Adding the phase space and doing the angle integral gives

.. , SN 3/2
- mimp Ne ) 4m3 4
H=FF = " g2 B Wi

@ The extra factor N comes into play to take into account

the fact that the fermions may be coloured:
® For quarks N, =3 for leptons, N, =1
® For a Higgs boson with m = 120 GeV
gy =5MeV, I'g_,.7~0.25MeV

Examples:

ee-annihilation into fermions

® In the limit of low centre-of-mass energies around or less30
GeV. the momentum p going through the photon or Z line is
small compared to the Z boson mass. In this case the
second diagram can be neglected

e The amplitude squared for the purely photonic process then
reads

99,422
32e e e

|'/\/[e+e_—>ff|2 =" a2 [(p1p3)(P2pa) + (P1p4) (P2p3)]



Examples:

ee-annihilation into fermions

® In the cm frame of the scattering process, the momenta
are given by:

p12 = E(1,0,0,£1)

p3.4 = E(1,£sin6 cos ¢, £ sinf sin ¢, + cos 6)

@ Therefore:
2p1 - p3 = 2p2 - pa = 2E*(1 — cosh)
2p1 - pg = 2p2 - p3 = 2E*(1 + cos0)

201 P2 =2ps pa =4F* = s

Examples:

ee-annihilation into fermions

lnfegrafing over the scattering angle gives the total cross
section (colour factor added, as before):

D0 D D NT
Ay 666]1\“

o=
® Adding in numbers gives (for muons with e = 1)

2.3-107% x 3.89 - 10% pb GeV? GeV?
o~ - ~ &Tnb - —
E?2 E?

c.m. C.am.

Examp/es
ee-annihilation into fermions

® P/ugging in the kinematics yields
3264836;
——— [(P1p3)(p2pa) + (P1p4) (P2p3)]

S

|Me:+f:*—>ff|2 =
= 264636? (1 —cos 0)* + (1 + cos 9)2}

® Averaging over the incoming spins, the cross section reads

1 dcosfde E 2648?62

5
do = T i [2(1 + cos 6)]
ma?e2e?
G [1 + cos? 9] dcos®
2s



