
Fundamental Symmetries — Example Sheet 4

4.1 (Revision) Consider the action of the rotation group SO(2) on the functions ψ(xi),
xi ∈ R2: gψ(x) = ψ(R−1x), with R−1 = RT . Show by writing R = ( cos φ
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) and

expanding ψ(R−1x) in powers of φ (using the definition of the hermitian generator
T = −i∂g/∂φ|φ=0) that (an infinite dimensional) representation of the generators of
SO(2) is given by

Tψ = i
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∂x
− x

∂

∂y

)
ψ.

Hence show that if xi ∈ R3, the generators of SO(3) acting on wave functions are
represented by the angular momentum operators Li = −iεijkxj∂/∂xk, satisfying the
so(3) algebra [Li, Lj] = iεijkLk.

Show similarly that the translation group is generated by momentum operators Pi =
−i∂/∂xi, and deduce the commutation relations

[Pi, Pj] = 0, [Li, Lj] = iεijkLk, [Li, Pj] = iεijkPk

for the algebra of translations and rotations in R3. Is this algebra semi-simple?

Show by explicit computation that P 2 and L.P are Casimir operators and that L2

is not. Explain why in a given representation P 2 may take any real value. but
L.P/

√
P 2 = m, m = 0,±1

2
,±1, . . ., and thus that helicity is quantised while momen-

tum is not.

4.2 Consider the subgroup of the Lorentz group which leaves the momentum vector pµ

invariant, i.e. all Λ ν
µ such that Λ ν

µ pν = pµ (this is called ‘the little group’). Show
that an infinitessimal transformation in the little group may be written in the form
U(Λ) = 1 + inµW

µ, where Wµ ≡ 1
2
εµνσρM

νσP ρ.

Explain why Wµ is a vector under Lorentz transformations, and thus write down its
commutation relations with the Poincaré generators Pµ and Mµν . Use these to show
that

[Wµ,Wν ] = iεµνρσW
ρP σ.

Deduce that if pµ is timelike, so p2 = m2 > 0, we can by choosing a suitable frame take
W0 = 0 while Si ≡ 1

m
Wi satisfies the so(3) algebra, and thus that W 2 = m2s(s + 1),

s = 0, 1
2
, 1, . . ..

Show similarly that if pµ is spacelike (p2 < 0), the algebra of the little group is so(2, 1),
while if pµ is lightlike (p2 = 0) it is the algebra of translations and rotations in two
dimensions.



4.3 The light-cone, defined as all dxµ such that ηµνdx
µdxν = 0, is invariant under space-

time translations and rotations, and scale changes (or ‘dilations’) xµ → αxµ. Show
that it is also invariant under the discrete transformation xµ → −xµ/x

2. By combining
two of these discrete transformations with a translation xµ → xµ + cµ, show that it is
invariant under the ‘conformal’ transformations

xµ →
xµ − x2cµ

1− 2xµcµ + c2x2
.

Find the infinitessimal form of dilations and conformal transformations, and deduce
that they may be generated by

D ≡ ixµ∂µ, Kµ ≡ i(2xµx
ν∂ν − x2∂µ).

The set of operators {Pµ, Lµν , D,Kµ} together generate the fifteen dimensional con-
formal group. By writing Pµ = i∂µ, Lµν = i(xν∂µ−xµ∂ν), show that besides the usual
commutation relations of the Poincaré algebra we now have in addition

[Pµ, D] = iPµ; [Pµ, Kν ] = 2i(ηµνD + Lµν);
[Lµν , D] = 0; [Lµν , Kλ] = i(ηµλKν − ηνλKµ);
[Kµ, Kν ] = 0; [D,Kµ] = iKµ.

Show that P 2 is no longer a Casimir operator, and thus that only massless theories
can be conformally invariant.

By setting Mµν = Lµν , Mµ5 = 1
2
(Pµ +Kµ), Mµ6 = 1

2
(Pµ −Kµ), M56 = −D show that

the conformal algebra is isomorphic to so(4, 2), and is thus semi-simple, with three
Casimir operators. The covering group is actually SU(2, 2).


